PROCEEDINGS 


OF THE 


NATIONAL ACADEMY OF SCIENCES 


Volume 14 December 15, 1928 Number !2 


THE FORM OF THE GROWTH CURVE OF THE CANTELOUP 
(CUCUMIS MELO) UNDER FIELD CONDITIONS! 


By RAYMOND PEARL, CHARLES P. WINSOR AND FLORENCE BARCLAY 
WHITE 


INSTITUTE FOR BIOLOGICAL RESEARCH, JOHNS HopKINS UNIVERSITY 


Communicated November 10, 1928 


In an earlier paper from this Institute? it was shown that the growth 
of seedlings of the canteloup (Cucumis melo) in the absence of exogenous 
food and light may be represented by a generalized logistic curve of the 
form 

ve k 
ya 1 + 6% + mt + ans? + orice + é_s* 





The present paper gives the results of observations on the growth of the 
canteloup plant under normal field conditions. ‘Tlie observations were 
made on plants grown on our experimental plot during the summer of 1926. 

We have used the number of nodes at each observation date as a measure 
of the growth attained. The relation between number of nodes and 
length of branch is not strictly linear, but we have found that the de- 
parture from linearity does not materially affect the form of the growth 
curve obtained whichever measure is used. The observations for the 
largest plant in the group studied are given in table 1. This plant was 
the one from which were obtained the seeds used in the experiment de- 
scribed in table 2 on page 3 of the paper-just referred to. Days are 
reckoned from July 7, 1926. Some fourteen other plants studied in equal 
detail give closely similar results to the one regarding which data are 
presented in this paper. This particular plant (No. 15) is chosen for 
discussion for the reasons stated above, and because it did not suffer the 
accidents of the field, such as breaking off of branches in cultivation, 
injury by insects and rabbits, etc., which to some extent damaged other 
plants. 

In table 1 are also given the number of nodes when classified according 
to their occurrence on the main stem, primary, secondary, etc., branches. 
In this subdivision, the main stem and primary branch nodes have been 
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combined, and also the tertiary and quaternary branch nodes, on account 
of the small numbers in the main stem and quaternary classes. 


TABLE 1 
GrRowTH OF CANTELOUP PLANT,.AS MEASURED BY NUMBER OF NODES 
DAYS MAIN STEM AND PRI- SECONDARY BRANCH TERTIARY AND QUA- 

FROM TOTAL NODES MARY BRANCH NODES NODES TERNARY BRANCH NODES 
JULY 7, CALCU- CALCU- CALCU- CALCU- 
1926 OBSERVED LATED OBSERVED LATED OBSERVED LATED OBSERVED LATED 
1 39 26.8 35 34.1 4 4.0 0 0.2 
7 69 69.0 54 55.9 15 15.1 0 1.6 
14 151 167.0 92 92.3 55 50.6 4 12.3 
23 370 382.9 152 150.9 139 140.4 79 74.0 
29 572 567.0 192 188.4 224 217.1 156 158.2 
37 842 824.4 223 226.6 321 318.7 298 292.2 
47 1120 1118.2 256 253.7 422 428.4 442 442.0 
51 1211 1220.0 262 259.7 452 464.4 497 496.0 
58 1395 1371.1 265 266.2 520 512.1 610 588.8 
64 1465 1470.1 269 269.3 545 538.1 651 665.0 
71 1549 1549.0 271 271.2 554 551.9 724 736.1 
76 1592 1583.7 271 272.0 554 555.4 767 767.0 
86 1611 1615.6 271 272.8 554 556.9 786 788.1 


Equations: 


1624 
Total nodes ° gee: ee ¢#-264—0.180x + 0.00243%*— 0.000198 





273 
Main stem + Primaries y = 1p guts = 0.008% 





557 
Secondaries y = 1 + eoitd — 0.260% + 0.00452" = 0.000089" 





” 
790 
Tertiaries + Quaternaries y = 1p 948— 0.44 + 0.00772 — 0.000054" 





To the observations as given in the table logistic curves were fitted. 
The equations of these curves are given above. The diagram shows that 
the fits are satisfactory. 

It is of interest to note that the growth curves become markedly skew 
as we proceed from the earlier-formed to the later-formed parts of the 
plant. While the curve for the main stem + primary branch nodes is 
of the symmetrical type, the secondary branch curve is distinctly skew 
and the tertiary and quaternary branch curves much more so. In fact, 
the latter curve is very near the limit of what can be represented without 
introducing additional points of inflection, if we restrict ourselves to the 
cubic term in the logistic equation. 

If we use the ratio of the ordinate at the point of inflection to the upper 
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asymptote as a measure of the skewness of the growth curves,’ we find 
the following values: 


Main stem + primary 0.500 
Secondary 0.463 
Tertiary + quaternary 0.285 


In the present case the curve representing the total nodes is a skew 
logistic. This is not always the case; in some of our plants the symmetrical 
gives a satisfactory fit to the observations of total nodes. In these cases, 
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FIGURE 1 
The growth of a canteloup plant under normal field conditions. 


however, it remains true that the component curves show progressively 
greater skewness in later-formed parts of the plant. 

The fact that the sum of a number of generalized logistics can be ade- 
quately represented by a logistic is of some interest. Reed and Pearl‘ 
have recently studied the summation of symmetrical logistics and their 
representation by a single logistic, of either the symmetrical or skew type, 
and have developed a mathematical theory for this case. The data 
presented in this paper indicate that in the more general case of skew 
logistics, a summation into a: single logistic is also possible. 
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The theoretical significance of the investigation reported in this paper 
lies in two directions. In the first place the observations complete the 
demonstration of the conclusion reached in our former paper,” that the 
form of the growth curve is logistic when growth is the expression either 
of what we have called ‘inherent vitality’ or of “total vitality.”® In 
the earlier paper it was shown that seedlings of the canteloup grown 
under conditions such that all vital activity was necessarily an expression 
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Comparing the growth of a canteloup plant (main stem + primary branches of 
Plant 15) under field conditions (Situation A), and the growth of seedlings derived from 
this same plant (No. 15) in the absence of exogenous food and light (Situation B). 


solely of the inherent organization, constitution, or organic pattern of the 
plant (Situation B) grew according to a logistic curve. In the present 
paper it is shown that the identical plant from which came the seeds used 
in the seedling experiment itself grew according to a logistic curve under 
normal field conditions (Situation A), in which conditions growth was an 
expression of total vitality, as defined in earlier contributions from this 
Institute. 

The two logistic curves concerned in this case may be put on a directly 
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comparable basis quite simply by expressing growth attained at any 
given time as percentage of the asymptotes in the two cases, and by 
expressing time as percentage of the total active growing period. The 
relative values so obtained are shown in table 2. In this table the part 
of Plant No. 15 chosen for comparison with its own seedlings is the main 
stem + primary branches. The seedling grown under Situation B condi- 
tions is morphologically an unbranched stem with roots at the bottom 
and cotyledons at the top. Of the morphological categories set forth 
in table 1 above, the second, main stem + primary branches, comes 
closest to the seedling. 
TABLE 2 
RELATIVE GROWTH OF SEEDLINGS WITHOUT EXOGENOUS Foop or Licut (SITUATION B) 


AND OF THE MAIN STEM + PRIMARY BRANCHES OF THE PLANT FROM WHICH THESE 
SEEDS CAME, GROWING UNDER NorMAL FIELD CONDITIONS (SITUATION A) 


PLANT 15 
SEEDLINGS FROM PLANT 15 MAIN STEM + PRIMARY BRANCHES 
TIME AS OBSERVED TIME AS OBSERVED 
PER CENT OF HEIGHT AS PER CENT OF HEIGHT AS 
ACTIVE GROWING PER CENT OF ACTIVE GROWING PER CENT OF 
PERIOD ASYMPTOTE PERIOD ASYMPTOTE 
0 1.9 0 12.8 
7.3 Be 8.6 19.8 
13.5 13.7 18.6 33.7 
21.4 34.5 31.4 55.7 
37.7 69.6 40.0 70.3 
45.3 79.2 51.4 81.7 
53.1 87.6 65.7 93.8 
61.0 93.3 71.4 96.0 
70.0 97.3 81.4 97.1 
76.3 98.5 90.0 98.5 
91.9 99.6 100.0 99.3 
100.0 99.9 


If the data of table 2 are plotted graphically the result shown in figure 2 
is obtained. 

It is at once apparent that when the two growth curves are reduced to 
relative terms, in respect of both ordinate and abscissa, there is excellent 
agreement between them. The only noteworthy discrepancy is at the 
beginnings of the curves. ‘This is mainly, if not entirely, due to a technical 
observational difficulty, which we have not been able to overcome. In 
the case of both the whole plant in the field, and the seedling in the sterile 
tube a good deal of growth takes place before it is possible to measure it. 
The field plant must get above ground and grow enough thereafter to 
separate a few nodes, at least, before they can be observed and counted. 
Similarly the seed in the tube must germinate, and get oriented relative 
to gravity and start a stem upward before it can be measured. This 
delay in observations is greater for the field plant than for the seedlings. 

The second theoretical consideration derivable from the experiments 
to which we wish to call attention may be developed as follows. If we 
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analyze, in terms of the most complete abstractions permissible in the 
premises, what we have called above Situation A and Situation B the case 
comes to this. 

Situation A involves three distinguishable elements, viz.: 


(a) The organism, which is an integrated pattern, or in Whitehead’s® 
words ‘“‘a general organic plan,” through which constantly flows 
a stream of 

(b) Extraneous matter and energy, falling into three categories; (1) 
(H,O and Oz), (2) (various compounds of Na, K, Ca, Mg, P, S, 
Fe, Cl, Si, C), and (3) (radiant energy from sunlight), all of which 
come from the 

(c) Environment, which varies greatly with time throughout the life 
history of the plant in all physical and chemical characteristics, 
and in which the organism (a) also has its being. 

Situation B, on the other hand, involves also three distinguishable ele- 
ments, viz.: 


(a) The organism, through which passes 

(b) Extraneous matter, falling, however, only in one category (1) (HO 
and QO), derived from an 

(c) Environment which is constant throughout the life history of the 
plant in all physica] and chemical particulars except those relating 
to (H,O and O2), using the word constant to mean, precisely, 
less variable to an indefinite degree than the environment in Situ- 
ation A. 

Situation B therefore differs from Situation A in the following respects: 


1. The absence of elements (2) and (8) in item (5), which are present 
in Situation A. 

2. The constancy of (c), as contrasted with its variance in Situation A. 

The organism in Situation B exhibits and goes through all the phases of 
the life cycle (growth, stable continuance of life after growth, senescence, 
death) which are exhibited by the organism in Situation A. The duration 
of each of these phases in Situation B is curtailed in respect of absolute 
time, but agrees, to a first approximation, in respect of relative time, 
with the duration of the corresponding phases in Situation A. Whence 
it is obvious that those elements of Situation A which are absent in Situa- 
tion B are to be regarded as essential to life only in respect of its duration 
in absolute time. ‘They are simply means of prolonging in time the mani- 
festations of the vital potential of the organism, which is inherent in its 
pattern or organization. They are fuel which keeps the machine running. 

From the point of view of theoretical genetics, it is of considerable 
importance to note that the great variance in the environment (c) in 
Situation A as contrasted with its constancy in Situation B is without 
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effect on the form, quantitatively considered, of one highly important 
phase of the life cycle, namely, growth. More precisely stated, the relation 
between attained size and relative time in the development of the canteloup 
plant, is, to a first approximation, identical whether the environment in 
which it has its being is highly variable in respect of temperature and all 
other physical and chemical particulars, or is, to a high degree, constant. 
The pattern of the events which constitute the life cycle of the organism 
is primarily and basically determined by the physico-chemical organization 
or pattern of the organism itself. 

1 From the Institute for Biological! Research of the Johns Hopkins University. 

2 Pearl, R., Agnes A. Winsor and J. R. Miner, “The Growth of Seedlings of the 
Canteloup Cucumis melo, in the Absence of Exogenous Food and Light,’ Proc. Nat. 
Acad. Sci., 14, pp. 1-4, 1928. 

3 Pearl, R., and L. J. Reed, “Skew Growth Curves,” Proc. Nat. Acad. Sci., 11, 
pp. 16-22, 1925. 

* Reed, L. J., and R. Pearl, ‘On the Summation of Logistic Curves,” Jour. Roy. 
Stat. Soc., 90, pp. 729-746, 1927. 

5 Cf. Pearl, R., “On the Distribution of Differences in Vitality among Individuals,” 
Amer. Nat., 61, pp. 1138-131, 1927; and “The Rate of Living,” New York (Alfred A. 
Knopf), 1928, pp. 14 unnumbered +185. 

6 Whitehead, A. N., ‘‘Science and the Modern World,” New York (Macmillan), 
1925. Pp. xi + 296. 


INVARIANT SEQUENCES 
By E. T. BEL 
DEPARTMENT OF MATHEMATICS, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated October 27, 1928 


1. Introduction.—Let f,(x) (n = 0, 1, ...) be uniform functions of the 
real or complex variable x; let a, b, 7 (m) be independent of x. Then if 
a, b, r (m) exist such that 


d 
fnlt) = fn—1(*), frlax + b) = 7 (n) fa(z), ES =< 50) 


for n = 0, 1, 2, ..., we shall say that the invariant sequence f,(x) (n = 0, 
1, ...) has the characteristic (a, b, r(n)). It is known that the general 
solution of the first of the above functional equations is f,(x) = k(x + 
y)"/n!, where y” (including » = 0) is to be replaced by y” after expansion 
by the binomial theorem, and & is independent of both m and x. Hence 
the nth element of an invariant sequence is a polynomial of degree n. We 
call y as above defined the base of f,(x) (n = 0,1, ...), and, ifs 2 0 is 
the least integer such that y, ~ 0, we say that s is the index of y. We 
regard » as the quaesitum. In terms of ¢, s, n w¢ shall find a, b and r(n). 
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That is, we shall determine all bases ¢, all indices s, and all transformations 
[x, ax + 6b], which yield invariant sequences. 

2. Theorems.—In a paper to appear fully elsewhere I have proved, 
among many others, the following. 

THEOREM 1.—There exists precisely one nontrivial characteristic (a, b, 
t(n)) such that the invariant sequence f,(x) (n = 0,1, ...) with the base 
g has the property 


fu(ax + b) = r(n)fy (x); 
af s is the index of the base ¢ of the f » x (x), the characteristic is 
(a, b, r(m)) = (—1, — 29541 /(S + 1)gy (—1)"*), 
and ¢, is the coefficient of 2"/n\ in R(z, e*), where R(u,v) ts any solution of 
the functional equation 
v’R(u, v) = (—1)§ R(—u, ov), 


in which u, v are independent variables and b is as above. 

THEOREM 2.—The functional equation of Theorem 1, in which b 1s an 
arbitrary constant, s an arbitrary constant integer 20, has the elementary 
solution involving both u and v or only v 


R(u, v)=0° +! F(u) + vo © + Y8-* (—-1)§ F(—u), 


in which r, t are arbitrary constants, and F(u) ts an arbitrary function of u 
alone, (including F(u) = constant). 

THEOREM 3.—All solutions of the functional equation of Theorem 1 of 
the type A(u), B(v), where A(u), B(v) are functions of u alone, v alone, are 
given by 

A(u) = F(u) + (—1)™ F(—u), B(v) = Ge) (n = 0, 1), 
where F(u) is an arbitrary function of u, and G(v) 1s any solution of 
Ge~) = (-)+* FG), 


where the same value of n is to be used in both of A(u), Biv). The G equation 
has the elementary solution 


G(v) a gett + (—1)9 Fs v~ O+ it 


where r, t are arbitrary constants; all rational functions of given solutions 
that are again solutions are constructible according to the operations indicated 
in 


kG(v), Gi(v) + Gir), (—1)"** 0°? Gi(v) IGa(o) J, 


where «e = 1, —1, k is an arbitrary constant, and G,(v), G2(v), G(v) are given 


solutions. 7 
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In another theorem, not here reproduced, the chain of possible types 
is closed by the discussion of solutions 

A(u) R(u, v), B(v) R(u, v), where R(u, v) is any solution involving both 
u and v, and A(u), B(v) are solutions involving only u or only v. 

It is to be noticed particularly that the foregoing includes the complete solu- 
tion of the following: given a, b in the transformation |x, ax + b], to construct 
yg. In the light of the foregoing theorems this apparent problem is trivial. 

3. Equivalent invariant sequences.—Invariant sequences which, by a 
linear transformation on the rank m and a linear transformation on the 
variable x, can be exhibited as instances of one and the same invariant 
sequence will be called equivalent. 

‘THEOREM 4.—Let i, yp, of indices s, t, be the respective bases of F,,(x), 
H, (x) (n = 0, 1, ...), so that 


F;,(x) * F am 1.(x), F,(—x + b) (—1)"*5 F,,(x), 
H,(x) = Hy+. (*), Hy(—x + c) = (-1)"t'H, (x), 
b= 2d 4 i/(s + 1)ds, C= —2y, +i/(t + 1) uy. 


Let 2, j7, m be arbitrary constant integers = 0. Then 


¥ 
II 





b-—a 
X, (x) “= lel eas eg thet 2 ) 





X n(x) 
rons of 


X, (2) = Xn (x), Xn(—x + a) = (—1)"*" X,(x), 


fi 







gale ° ’ 
Ky() = Has ytiem(e + 


are sol! 


where a%js an arbitrary constant, being equal to —20%*'/(m + 1)om, where 
o is the @ se of the general Appell polynomial in x and m 1s the index of o. 

Any i™imber of invariant sequences can be unified by this theorem, in 
nreciselyache same way that two are therein unified, by an obvious repeti- 
tion of t#e process. 

4. Ra¥ional invariant sequences.—If R(u, v) which defines g in Theorem 
1 is a rati}nal function of u, v, the invariant sequence f,(x«) (n = 0, 1, ...) 
is called ‘rational. Obviously go, gi, ... are not necessarily rational 
numbers. In the paper to be published, I completely determine all rational 
sequences in explicit form. ‘These naturally involve arbitrary constants. 
I note particularly that this corollary to the general solutions already 
stated, includes as a very special case the situation italicized at the end of 
§2. 

5. Applications.—There are four classic instances of such sequences, 
namely, those in which the base g represents the numbers of Bernoulli, 
Euler, Genocchi, Lucas, respectively. In any instance it is necessary 
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to know only the index s and the first s + 2 terms of the y sequence in 
order to write down the functional equations for the polynomials concerned. 
The foregoing adds a double infinity of such sequences to those already 
known. 

In conclusion we remark that the so-called ‘“‘elementary method” of 
N. Nielsen and others is abstractly identical with the symbolic method 
of Blissard used in this paper. This fact has been misunderstood by some 
who, incidentally, erroneously attribute the method to Lucas. It is 
proved in my paper cited above that each method implies and is implied 
by the other. 


NORMAL DIVISION ALGEBRAS SATISFYING MILD 
ASSUMPTIONS 


By A. ADRIAN ALBERT 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated November 10, 1928 


Let D be a normal division algebra in m? units over an infinite field F. 
Every element of D satisfies some equation of degree n, with leading 
coefficient unity and further coefficients in F. There exists an infinity of 
elements of D satisfying an equation of this kind, irreducible in F. 

1. Definitions. 

An element x of A shall be called of grade r if its minimum equation 
has degree r. 

An equation 


(wo) = w" + aw’? +... 4 a, = 0 


shall be called of type R, if k — 1 distinct complex roots of ¢(w) = 0 are 
expressible as rational functions, with coefficients in F, of a kth distinct 
root. 

An element x of a normal division algebra D is said to be of type R, if 
its minimum equation is of type R,. A normal division algebra D in n? 
units is said to be of type R;, if it contains an element x of grade n and type 
R,. 

2. Known Division Algebras. 

Let = be any associative division algebra over F. Let to every element 
A of 2 correspond a unique element A’ of 2, and let s ¥ 0 be a self corre- 
sponding element of 2. Let A” = (A’)’, A" = (A")’, .... Let A® 
= sAs~' for every A of =. Let a’ = a, (AB)'’ = A’B’,(A + B)’ = 
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A’ + B’ for every a of F, and A and B of =. Call any algebra > with 
these properties a base algebra. 

L. E. Dickson has shown that, given any base algebra 2, there exists 
an element z such that the algebra I’, of elements 


Apt Aizt... $Ap_y 2?" 
and multiplication table 
sA=A'’s 2 =s. 


where A,Ao ..., A,~ 1 range independently over all elements of 2, is an 
associative algebra over F. 

Hence, to every base algebra there corresponds a I algebra. Let S; 
be the set of all algebraic fields over F. All such algebras are known. 
Let T, be the set of all base algebras obtained by considering all possible 
self-correspondences of algebras of S;. Let S: be the set of all algebras 
which are division algebras obtained by considering the direct products 
of all T algebras obtained from 7; and all algebras of S:, and taking all 
division algebras of this set. Considering all self-correspondences of the 
algebras of S. we define the set 7:. Continuing similarly we define the 
sets S, for all k’s. The totality of algebras S;, will be said to be known 
algebras and any algebra will be said to be determined if we can show that 
it belongs to one of the sets Sy. 

We have proved the following theorems: 

THEOREM 1. Let x be of grader. Let x be of type R, but not of type 
Ri, +1. Then k is a divisor of r. 

THEOREM 2. Every normal division algebra in p? units, p a prime, of 
type R: is a cyclic (Dickson) algebra. 

THEOREM 3. Let D be the direct product of two normal division 
algebras B and C. Let B have order m? and type R,, and C have order 
n? and type R,. Then, if D is a division algebra, it is a normal division 
algebra of type Rin». 

THEOREM 4. Every normal division algebra in 4p? units, p a prime, of 
type R, is a known algebra. 

THEOREM 5. Every normal division algebra in 36 units of type R: is 
of type Rs. 

This theorem shows that all normal division algebras in 36 units of type 
R, are known algebras. Since every normal division algebra is obviously 
of type Ri, this is a very weak assumption. 

The algebras determined by L. E. Dickson,!in 4,: units, as a generali- 
zation of the author’s algebras in 16 units, were algebras essentially con- . 
taining an element of grade 2p satisfying an equation with even powers, 
only and such that if ¢(w?) .= 0 is the equation then ¢(p) = 0 has the 
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cyclic group with respect to F. The author has shown that the algebras 
in 16 units were Cecioni algebras of type R, and, in general, 

THEOREM 6. Let D be a normal division algebra, over F in 4p? units, 
paprime. Let D contain x, of grade 2p satisfying 


Vo) =w? + aw?-% 4+... +a, =0 


such that ¥(w) = $(w?) and ¢(p) is - with respect to F. Then A is 
a known algebra of type Ro». 

All normal division algebras in n? units of type R,, such that x of type 
R,, satisfies a normal equation with solvable group, have been shown to 
be known algebras and have been constructed.2, No known normal 
division algebras not equivalent to algebras of the aforesaid kind have 
been shown to exist, but this existence question is a construction problem, 
not a determination problem. 


1 Bulletin of the American Mathematical Society, vol. XXXIV, 5, Sept.-Oct., 1928, 
p. 555. This paper was at the printers before it was shown that the 16 unit algebras 
were of type Ry. 

21. E. Dickson, ‘‘New Division Algebras,” Transactions of the Am. Math. Society, 
28, pp. 207-234, April, 1928. 


THE GROUP OF THE RANK EQUATION OF ANY NORMAL 
DIVISION ALGEBRA 


By A. ADRIAN ALBERT! 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated November 10, 1928 


Let K be any infinite field. The Hilbert “Irreducibility Theorem” 
states the following: 
Consider the equation: 


Fe, May. . «> Dy) ER” + Fild, ..-, eR +... + Fay...) d,) = 0 
(1) 


where F;(di, ..., ,) are rational functions, with coefficients in K, of the 
independent parameters i, ..., 4,. Let the group of f(x) with respect 
to K(\, ..., 45) be f. Then there exist an infinitude of rational values 
of the parameters di, ..., 4,, such that the resulting numerical equation 
has the group I with respect to K. 

Using a proof following the lines of Hilbert’s proof of the above theorem 
we have shown the truth of the following general theorem. 

THEOREM 1. Let f(x; 1, ..., A,) = 0 be an equation (1) with group 
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D.. ee  u e any set of complex numbers and let the resulting 
numerical equation 


f (x3 Nay oe My) Se” + ay 1 + 2. +a, = 0 (2) 


have the group Ip with respect to K(q, ...,@,). Then Tis a sub-group 
of I. 

We shall next consider a normal division algebra A, in n? units, over K. 
It is known that if wm, ..., wu», are a basis of A and \y, ..., A,, are inde- 
pendent variables in K, the general element of A, 


@ = Vity + Agta +... HF AmUm, man 


is a root of a uniquely defined rank equation f(x, 1, ...., Am) = 0 with 
leading coefficient unity and further coefficient polynomials, with coeffi- 
cients in K, of \1, ..., Am. Also the degree of f is m. We have proved, 


using theorem 1 and the known theory of division algebras, the theorem: 
THEOREM 2. Let A be a normal division algebra over K. Then the 
group of its rank equation with respect to K is the symmetric group. 
Applying the Hilbert irreducibility theorem we have 
THEOREM 3. Every normal division algebra A, in nm? units, over F 
contains an infinity of elements each satisfying an equation of degree n, 
with leading coefficient unity and further coefficients in K, such that the 
group of the equation with respect to K is the symmetric group. 
1 NATIONAL RESEARCH FELLOW. 


POSTULATES FOR AN ABSTRACT ARITHMETIC 
By MorcGan WARD 
DEPARTMENT OF MATHEMATICS, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated October 29, 1928 


1. Introduction.—In a previous communication (‘General Arithmetic,” 
These PROCEEDINGS, November, 1927) I have described an ‘“‘arithmetic”’ 
as a system in which 

(a) Every element is completely specified by a finite number of cardinal 
numbers. 

(b) ‘‘Division’’ is not always possible, and we can find when one element 
divides another in a finite number of steps. 

(c) Unique resolution into “‘prime factors’ is always possible. 

I here give a precise definition of an abstract arithmetic, that is, one 
whose elements are marks in the technical sense, and state a few of its 
simpler properties. The principal advance over the work summarized 
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in ‘General Arithmetic’ lies in the fact that I no longer assume that 
“multiplication’’ is commutative. 

2. Definition of an Arithmetic—A system = consisting of a denumer- 
able set of elements a, 0, ... and a function x°y is said to form an 
abstract arithmetic if the following ‘six conditions are satisfied: 

POSTULATE 1; CLOSURE.—For any two elements a, b of 2, acb is a 
uniquely determined element of 2. 

POSTULATE 2; AsSOcIATIVITY.—For any three elements a, b, c of 2, 


(acb)ec = ae(bec). 


POSTULATE 3; EXISTENCE OF IDENTITY.—There exists an element 7 of 
= such that 7o7 = 72. 
PostuLATE 4; CANCELATIVITY.—If a, b, c, b’, c’ are any five elements 
of >, and if 
beacc = b’eqoc’, 
then 
bec & bec’, (1) 


(for the meaning of the symbol ™, see §4 (iv)) 
b=b' If c=c' (2) 
c=c’ lf b=b’. (3) 


PosTuLATE 5; INTEGRALITY.—(1) There exists at least one integral 
element. 

(2) Every integral element has only a finite number of distinct integral 
divisors. (For the meanings of integral element and distinct integral 
divisor, see §4(i12), (iv).) 

POSTULATE 6; PRimitiviry.—If a divides bec, then a is not prime to 
both b andc. (For meanings of divide and prime, see §4 (v), (vit).) 

3. Properties of the Postulates—The six postulates above are consistent; 
and, with the possible exception of Pos. 2, they are independent. Pos. 3, 
though not strictly necessary, greatly simplifies the statement of Pos. 4. 
It is satisfied in all the instances of an arithmetic of practical interest. 
If Pos. 5 (1) is contradicted, Pos. 5 (2) asserted, 2 is a finite group. If 
both parts of Pos. 5 are contradicted, omitting the word integral 2 is an infi- 
nite discrete group. The consequences of asserting the first part of Pos.5 and 
contradicting the second are not known; they would appear to be trivial. 

If Pos. 6 is contradicted, the introduction of ideals is necessary to restore 
unique factorization. ‘These ideals can be constructed abstractly; they 
are additional marks which we adjoin to 2. Their complete theory is 
known. Postulates 1, 2, 4—(2) (3) are due to Dickson (Transactions 
A. M. S., vol. 6, 1905, pp. 205-208) and serve to define a semi-group. 
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4. Elementary Properties of an Arithmetic.—The following results are 
easily deduced from the postulates in §2. 

(<) Tue Ipentiry.—The element 7 of Pos. 3 is unique. It is called 
the identity of 2, and denoted by 1. For every element s of 2, 


los = sol] = 5 


(#%) Unrrs.—If for any element a of = there exists an element a’, such 
that 
acq’ =.]. 
a is called a unit and a’ its inverse. 


1 is a unit, and the units of 2 form a group, denoted by E. We use 
e, e’,.. . to denote units. If 


ache...°k = ¢, then a, b,...k 
are all units. 
(iit) INTEGRAL ELEMENTS.—Every element of 2 which is not a unit is 


called an integral element, and = contains an infinite number of integral 


elements. 
(iv) EQuivALENCE.—Two integral elements a, b are said to be equivalent 


if there exists units e, e’ such that 
ecace’ = D 
NOTATION. anb 


The relation “ is transitive, symmetric and reflexive. It is trivial 
in E, but not all integral elements are equivalent. Two elements which 
are not equivalent are said to be distinct. 


THrorem A.—If beacc » b’ea'oc’ anda “ a’, then bec > b’ec’. 


(v) Diviston.—a is said to divide b if there exists two elements x, 
y of 2, such that 
xoacy = b, 
NOTATION. aDb 


The relation D is transitive, non-symmetric and reflexive. The 
necessary and sufficient condition that two elements of 2 be equivalent 
is that they both divide each other. 


THEorEM B.—If a Db anda “a’,b~ bd’, then a’ Db’. 


(vi) IRREDUCIBLE ELEMENTsS.—An element of 2 whose only integral 
divisor is itself is said to be irreducible. Equivalent elements are simul- 
taneously reducible or irreducible. 
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(vii) Common Divisors.—Let b, c be two distinct integral elements k 
of 2. Every integral element a which divides both 6 and c¢ is called a is 
common divisor of b and c. 

(viit) Co-pRIME ELEMEMTS.—Two elements a and b of 2 without any ii 


common divisors are said to be co-prime. We also say a is prime to b. 
NOTATION. aPb 


The relation P is intransitive, symmetric and irreflexive. 





5. Fundamental Theorem of Arithmetic.—‘‘Every integral element of = t 
can be resolved in one way only into a product of irreducible elements, n 
provided we take no account of unit factors, nor of the order in which the c 
irreducible elements occur.” s 

Proof. —Let s be any integral element of 2. By Pos. 5, s has only a h 


finite number of distinct irreducible divisors. Suppose that 


S ™ @°de° ... oa, > by ose Swe ob; 


0 
are two resolutions of s into products of irreducible factors, so that a, b’ 
are irreducible, but not necessarily distinct. (See §4 (v).) Consider 
anya, (1S u&k) 
Since a, Ds, a, D (b, ° ...°b;) by theorem B. Therefore, by Pos. 6, 
either 
(a) a, and b; have a common factor, or 
(b) a, and be ...°b; have a common factor. Now clearly if (a) is 
true a, ~ b,; but if (a) is false 
dy D (be ° Wee °b,) 
Ww 
since da, is irreducible. Hence, by Pos. 6 again, either it 
(a’) a, and b. have a common factor, or tc 
(b’) a, and bse... eb, have a common factor. If (a’) is true, of 
be 
ay,” bo. de 
Proceeding in this way we see that . 
a, > b, (1<gv<J). 
pl 
But a,°...°a,~™b,°...° db hence a 
1°02? 2. . Oy — 7°y 4 72... Op my 
in 
by °bee ce 0D, — 79d, 4 7° oe ob, sy 


by theorem A. 


Thus every a divides ab and, similarly, every } divides an a, so that ] = 
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k and b, ° ... ° b consists of the irreducible factors a of s taken perhaps 
in a different order. 

6. Instances of an Arithmetic.—The rational integers, the complex 
integers and Dedekind ideals are instances of an abstract arithmetic. 
The set of all square non-singular matrices of order m taken over an 
arbitrary ring satisfy the first five of these postulates, with © intrepreted 
as multiplication. 

The first two requirements for an arithmetic in §1 are in part a limita- 
tion upon the possible instances of an arithmetic; for instance, if a set of 
marks is denumerable, each element may be completely specified by pre- 
cisely one cardinal number, so that the first requirement is trivial. The 
second requirement is more complicated and cannot be discussed fully 
here. . 


ON THE CHARACTERISTIC VALUES OF LINEAR INTEGRAL 
EQUATIONS 


By EINAR HILLE AND J. D. TAMARKIN 
PRINCETON UNIVERSITY AND BROWN UNIVERSITY 


Communicated November 7, 1928 


1. We consider the integral equation 
b 
f(x) = ox) — A] K(x, s)o(s)ds, (1) 


where the kernel is supposed to belong to the class (L?), ie., K(x, s) and 
its square are Lebesgue integrable ina < x,s <b. The equation is known 
to possess a resolvent kernel which is the quotient of two entire functions 
of A, defined by Fredholm’s formulas with the modifications due to Hil- 
bert.! The characteristic values of the equation are the zeros of the 
denominator Dx(A) in this quotient. The order » of Dx(d) is $2, and 
if vy = 2 the function belongs to the minimal type; its genus is at most 
unity. This result is due to Carleman.? 

2. The proof given by Carleman is ingenious but also rather com- 
plicated. It is possible, however, to base the proof upon a simple and 
well-known method, namely, that of infinitely many equations in infinitely 
many unknowns. Let {w;(x)} be a complete orthonormal system for the 
interval (a, b). Then {w;(x)w;(s)} constitutes a complete orthonormal 
system for the squarea S x,s S$ D. Put ; 


b 'b 
Fat é 3 hia. A= f o(s)artsyds, 
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ay = fl fx 5); (x)w,(s) dx ds, (2) 


bia) =f K(x, sdaodds, Ke, 2) = Dh C)ai). 


Repeated application of Parseval’s identity leads to the following system 
of linear equations 


@e 


DX @y — Mayo; = fi @ = 1,2, ...). (3) 
bk | 
The infinite determinant Ax(A) of this system is absolutely convergent 
when Dla,s| converges, which is the case, for example, when 


K(x, s) = [Ku t)Ko(t, s)dt (4) 


where K, and K; are two kernels belonging to (L*). If >>|a,| diverges, 
Ax(d) may cease to exist. In this case we replace the system (3) by an 
equivalent system obtained by multiplying the i‘* equation in (3) by 
ei(G =m+1,m+2,...). The determinant A (A) of the trans- 
formed system is absolutely convergent. A fairly simple application 
of Hadamard’s determinant theorem leads to the fundamental inequality 


log|A ® (d)| <C+m log|y| +5 [ae > i la,s|?, (5) 
i=m+1 j=1 


where C is independent of m and \. It follows that for any given e > 0 
we can find an m such that 


log|A (a) | < ¢al? (6) 


when || is large. 
3. We put 


AS aj; 
AxQ) =¢ 1 ARQ) = ARO) 


and notice that 
Ax(d) = lim A® (A) = AEA) 
a> © 


in case the limit exists. Marty has proved that Ax(A) equals Dx(a), 
the denominator of Fredholm, when Ax(A) is a normal determinant and 
K(x, s) is defined as the sum of its Fourier series in {«;(x).«;(s)}. |Molle- 
rup has also given a proof valid when (4) is satisfied.* The main difficulty 
in the proof is caused by the fact that Ax(A) remains unchanged when 
K(x, s) be replaced by any equivalent function, whereas Dx(X) may be 
thrown out of existence by such a change. 
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It is possible, however, to prove that Ax(A) = Dx(d) for every kernel 
belonging to (L*). Indeed, we are dealing with two holomorphic functions 
of the point (a,;;) in a Hilbert space which are identical in a sub-space 
characterized by the convergence of the series DIa;5l. It follows that 


J 
these functions are identical throughout the Hilbert space.* We can 
conclude also that Ax(A) = Dx(d) whenever the series Dla;,| converges 
b oo 


and the integral 7 K(s, s)ds exists and equals \a;,. 
a 1 


Once the equality of Ax(d) and Dx(A) is proved, Carleman’s theorem. 
on the order of Dx(d) becomes a fairly simple consequence of formulas 
(6) and (7). Carleman has constructed examples showing that the upper 
limit two for the order is actually reached even in the case of continuous 
kernels. Considerably simpler examples can be found with the aid of 
a class of power series recently studied by one of us.® 

4. ‘The characteristic values of (1) are the zeros of Dx(A) or of any 
one of the functions A‘%’(A) which differ merely by an exponential factor. 
Let n(x) denote the number of characteristic values ), with |A,|<x. By 
a well-known theorem 


[Qu re |A™ (r)| = M™(r), (8) 
ie [Al =r 


But we have already found an upper limit for M(r) in (5). Since m 
is arbitrary we may choose its value so as to make M(r) a minimum for 
any given value of r. 

In this fashion we are lead to a remarkable connection between the 
problem of the frequency of the characteristic values and the theory of 
approximation of a function of a real variable by means of a given set of 
functions. In fact, we have 


3 Tle? = { ds fiK th) — K™(s, t)|2dt (9) 
1 a a 


i=<m+1 j= 
. 

where the interior integral represents the mean square error p,, of the 
approximation of K(s, ¢) by the sum of the first m terms of its Fourier 
series in {w;(¢)}, s being regarded as a parameter. It is well known that 
Pm is the minimum of the mean square error when K(s, ¢) is approximated 
by a linear combination of the functions w(t), w(t), ..., @,_(t). The 
infinitesimal order of p,, is fairly well known in the case of approximation 
by ordinary or trigonometric polynomials. Utilizing the available results 
in this direction we are able to get better estimates for the order of the 
entire functions Dx(d) or Dx(d) when the kernel is subject to suitable 
restrictions. 
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2 
2a+1 
K(x, s) satisfies a Lipschitz condition of order a with respect to s uni- 
formly in x.7. We can prove the same result assuming K*(x, s) to belong 
to the class Lip(a, 2) with respect to s uniformly in x. Here K*(x, s) = 
K(x, s) whena Ss < band K*(x,s +b —a) = K*(x, s). 

If we suppose that K(x, s) possesses a partial derivative of order r with 
respect to s which satisfies a Lipschitz condition of order a with respect 
to s uniformly in x, we find that the order of Dx(A) cannot exceed 
9 


— ee gO 
2r+2a+1 

Suppose, finally, that K(x, s) is a holomorphic function of s in a region 
T of the s-plane, containing the interval (a, b) in its interior and, moreover, 
independent of x. Then it can be shown that 





5. Fredholm had found that the order of Dx(X) is at most if 


log|Dx(d)| = O(log?|A|), [dy] > (10) 


where \,, is the nth characteristic value and 6(> 0) is a constant depending 
upon 7. If K(x, s) is an entire function of s we can even replace the 
“O” by “o”’ in (10) and 8 can be taken arbitrarily large. It is easy to 
construct examples showing that these estimates cannot be improved 
upon essentially; on the other hand, we can construct analytic kernels 
whose characteristic values increase as rapidly as we please. 

Further developments and extensions of the above theory will be pub- 
lished in a later paper which will appear elsewhere. 


1D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, 
B. G. Teubner, Leipzig, 1912, p. 30, et seq. That the formulas in question apply to all 
kernels of (L*) was first proved by T. Carleman, Math. Z., 9, 196-217, 1921. 

2 Loc. cit., p. 217. 

3J. Marty, Bull. Sci. Math. (Darboux) (2), 33, 1909 (296-300). J. Mollerup, 
Ibid., 36, 130-136, 1912, reprinted in Beretning om den anden skandinaviske Mate- 
matikerkongres 1 Kjébenhavn 1911, Gyldendalske Boghandel, Copenhagen, 81-87, 1912. 

4 We are using the ideas of R. Gdteaux, posthumous publication in Bulletin Soc. 
Math. France, 47, 70-96, 1919. 

5 T. Carleman, Acta Math., 41, 377-389, 1918. 

6. Hille, these PROCEEDINGS, 14, 217-220, 1928. Similar use can be made of 
various series presented as Gegenbeispiele by Hardy and Littlewood, Math. Z., 28, 
612-634, 1928. j 

7]. Fredholm, Acta Math., 27, 365-390, 1903. 

8 The terminology is that of Hardy and Littlewood, loc. cit., p. 612. 

® This result has already been found by S. A. Gheorghiu, Comptes Rendus, 186, 
838-840, 1928, with the aid of a totally different method. We are indebted to Pro- 
fessor Hadamard for this reference. The results mentioned at the end of Mr. Gheor- 
ghiu’s note concerning kernels which are continuous and of bounded variation (or have 
a derivative with these properties) follow immediately from our formulas. Two earlier 
notes by Gheorghiu, Jbid., 184, 864-865, 1309-1311, 1927, have a bearing on our general 
problem. 
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ON THE SUMMABILITY OF FOURIER SERIES 


By Ear HIL.e AND J. D. TAMARKIN 
PRINCETON UNIVERSITY AND BROWN UNIVERSITY 


Communicated November 7, 1928 


1. The present note is intended as a contribution to the question: 
What conditions must be satisfied by a method of summation in order that it 
shall sum the Fourter series of an integrable function almost everywhere to 
the function? Certain methods of summation are known to have this 
property, e.g., the arithmetic means (C, k) with k > 0, the method of 
de la Vallée-Poussin, the method of Abel-Poisson (and analogous methods). 
Others do not have it, the methods of Borel and of Euler being the most 
noteworthy ones. All these methods are simple and natural definitions 
of summability, but after all merely special instances of possible definitions. 

As a preparation for an attack on the general problem formulated above 
we have investigated two classes of methods of summation from this point 
of view, each class having a fair degree of generality and closure and, 
furthermore, known to contain a continuum of effective methods. We 
are going to be concerned with (a) the method of Nérlund, and (b) the 
method of Hausdorff-Hurwitz-Silvermann. 

2. The method of Nérlund is defined in the following manner:' Let 
So, Si, ..-,» Sy, ... be the partial sums of the given series, convergent or 
not, and put 


Tn = (PSn + PiSn-1 + --- + beSt) Pas Pn = Od, = () 
0 


where {,} is a sequence of given positive numbers with the sole restriction 
that »,P,' —> 0. If T, —» T we say that the series is summable 
(N, p,) with the sum T. 

Let f(x) be integrable Lebesgue in (—7, 7) and let 


re + es (Gm cos mx + 5», sin mx) (2) 
i 


be its Fourier series. Applying Nérlund’s method of summation to the 
partial sums of (2) we are led to the following expression for T,,: 





Naf) Pal = po f_St-+ 2) | Py/2 + D2 Pam cos mt| dt () 


For the present we restrict ourselves to a mentioning of the following 
three cases. 
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| eet & 
Px')) (r+1)|Pe-» — ba-r—1| <K, (p-1 = 0) (4) 
r=( 


for every value of m, the series (2) is summable (N, ,) to the sum f(x) 
almost everywhere. This is a consequence of the Fejér-Lebesgue theorem? 
together with the 

Lemma: Any series which is summable (C, 1) = (N, 1) is also sum- 
mable (N, ,,) if condition (4) is satisfied for every n. 

Condition (4) is satisfied, e.g., if either p, < p,4 1 when m = m, or 

n = Pn, When m 2 ny and lim p, > 0. 

II. Suppose p, 2 p,41, Py» —> 0 and P, —> ~. Putting 


p(s) = » Piz", 


we find that the boundedness of 


‘8 
Ps {Geer ila 6) 


| 
is sufficient to ensure summability (NV, p,) of (1) to the sum f(x) almost 
everywhere. 

It could be observed that the arithmetic means (C, k) satisfy condition 
(4) if k = 1, and condition (5) if0 < k <1. 

III. The choice p, = (n + 1)7* is consistent with the assumptions 
under II. The corresponding means are known as the harmonic means;* 
they are weaker than any arithmetic means of positive order. We find 
that the expression (5) is not bounded in this case and the Lebesgue 
constants corresponding to this definition are actually O(log m). It 
follows that there exist continuous functions whose Fourier series are not 
summable (N, (n + 1)~*) almost everywhere. A necessary and sufficient 
condition in order that 





1 
Na | $8). 45 | see) 
is that 
my te : 1 dt 
llog (n + 1)] iS g(t) sin (n + 1)¢ log eF iga 0, (6) 
i 
where g(t) = fix +4) +f — Bt) — 2f(x). 
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A sufficient condition is given by 


dt 
lim , | 108 a [i et +9 - ol liog | F = 0. (7) 


e— > 0 


In both formulas 6 denotes a fixed small positive number. 


In a general way we may expect a Norlund transformation to become 
less powerful the faster p, tends to zero. Necessary and sufficient condi- 
tions for equivalence or relative inclusion to hold between two Nérlund 
transformations, have been found by M. Riesz.6 With the aid of these 
conditions we can prove that if an arbitrary series is summable (JN, p,) 





1 
where bn < po, then it is necessarily also summable | V, : 
n+ 1 


‘ 


There exists, consequently, a continuum of (N, p,) means which are 
ineffective with respect to Fourier series. 
3. Hurwitz and Silverman gave a characterization of the regular 


transformations T, = » Anum m such that the matrix (d,,,) is permutable 


with the matrix einai to (C, 1). Later but independently the 
problem was attacked by Hausdorff? who showed that to every such 
transformation there corresponds a function g(u) which is of bounded 
variation on (0, 1) with q(0) = 0 and q(1) = 1 and such that 


n 1 
T, = p» Sn (") i u™(1 — u)"~ ™dq(u). (8) 


If T,, —~> T the series whose partial sums are the S,, is said to be summable 
(H, q(u)) to the sum T. In the case of a Fourier series 7,, becomes 


H,[f (x),q] = i "$0 H,(t — x)dt (9) 
where 


1 
H,(o) == Bic — &*)-! E (1 — 4+ ue")dq(u)). (10) 


The series (1) is summable (H, qg) to the sum f(x) almost everywhere 
if g(u) possesses a derivative which is of bounded variation in (0,1). The 
same result is true if 


q'(u) = (1 — u)*~1 qi(u) where0 < k <1 
and (1 — w)*~* [qi(1) — qu(us)] 


is of bounded variation in (0, 1). ‘The case g:(u) = k corresponds to the 
Cesaro means (C, ). 
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A simple example of a Hausdorff transformation which fails to sum 
Fourier series almost everywhere is obtained by taking g(u) = 0 when 
0S u < 1/aand = 1 when 1/a Su S11. This choice leads to Euler’s 
method E, with p = log a/log 2 using Knopp’s terminology. The corre- 
sponding Lebesgue constants are actually O(log n). 


1N. E. Norlund, Lunds Universitets Arsskrift, N. F., avd. 2, 16, 3, 10 pp., 1919. 

2L. Fejér, Math. Annalen, 58, 51-69, 1904. H. Lebesgue, Math. Annalen, 61, 
251-260, 1905, and Annales Sci. Fac. de Toulouse, (3) 1, 25-117, 1909, especially pp. 
88-90. 

3M. Riesz, Proc. London Math. Soc., (2) 22, 412-419, 1923. 

4 Professor M. Riesz has kindly informed us that this result has been known to him 
for some time. A proof has been worked out by one of his pupils, Mr. N. K. A. Juringius, 
but has not been published. 

5 Loc. cit., p. 413-414. 

6 W. A. Hurwitz and L. L. Silverman, Trans. Amer. Math. Soc., 18, 1-20, 1917. 

7F. Hausdorff, Math. Z., 9, 74-109, 280-299, 1921. 

8 See C. N. Moore, these PROCEEDINGS, 11, 284-287, 1925. 


GROUPS INVOLVING A CYCLIC, A DICYCLIC, OR A DIHEDRAL 
GROUP AS AN INVARIANT SUBGROUP OF PRIME JNDEX 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated November 1, 1928 


A general method for constructing all the possible groups which involve 
a given group H as an invariant subgroup of index p, p being any prime 
number, was developed in a recent number of these PROCEEDINGS,' and 
several illustrative examples which are special cases of the groups denoted 
by the heading of the present article were then given. Since these groups 
constitute elementary infinite categories of groups of finite order it seemed 
desirable to determine them completely by the given method and to 
endeavor to express the results in a convenient form, especially since the 
general theory of determining all the possible groups containing a given 
invariant subgroup has not yet received much attention. 

For the sake of determining all the groups in question it is desirable 
to add to the general method to which we referred the following theorem: 
If s, transforms an operator of the abelian constituent group H, into its kth 
power then the group to which syS2...Spt gives rise is conjugate with the one 
obtained by using for sothe k®~*+..... +k + 1 power of the given operator. 
From this theorem it results directly that if H is the cyclic group of order 
p”, m > 2 when p = 2 and m > 1 for other values of #, and if sis... Sy 
transforms the operators of this cyclic group into their p”~'+ 1 power 
then there is one and only one such group of order p” *', since we obtain 




















VoL. 14, 1928 MATHEMATICS: G. A. MILLER 919 





a number which is divisible by p but not by p? if we replace k in this 
theorem by p”~* + 1, and hence sp may be assumed to be the identity. 
When p = 2 it also results from this theorem that s) may be assumed to 
be the identity when the operators of H are transformed into their p” ~! — 1 
power. In the special case when k = 1 it follows from this theorem that 
no new group is obtained if we use for so the pth power of any operator of 
H, which is commutative with s, This special case was noted in the 
article to which we referred in the preceding paragraph. 

It is now easy to establish the following theorem: There are never more 
than two distinct groups which involve a given cyclic group H as an invariant 
subgroup of index p and transform its operators in a given manner. A 
necessary condition that two such groups exist 1s that the order of H is di- 
visible by p. When p is odd a sufficient additional condition is that the 
operators of the Sylow subgroup of order p* in H are invariant under the 
given transformation, but when p = 2 they may be either invariant or trans- 
formed into their inverses. A proof of this theorem results almost directly 
from the facts that the group of isomorphisms of the cyclic group of order 
p™ is of order p” ~ 1(p — 1) and is cyclic when ever p > 2, while it is abelian 
and of type (m — 2,1) when p = 2. Whenever there are two such groups 
the second group is obtained by using for so one of the operators of highest 
order in the constituent group H which are commutative with s;. Hence 
the Sylow subgroups of order p**? in the second group are cyclic except 
when » = 2 and the operators of the Sylow subgroup of order 2* in H are 
transformed into their inverses. In this case these Sylow subgroups are 
dicyclic. 

The results noted in the preceding paragraph reduce the problem of 
determining all the possible groups which contain a given cyclic group H 
as an invariant subgroup of index to that of finding the different possible 
isomorphisms of order p in the group of isomorphisms of H. It is well 
known that this group of isomorphisms is the direct product of the groups 
of isomorphisms of the Sylow subgroups of H. If the order of such a 
subgroup is g* a necessary and sufficient condition that the order of its 
group of isomorphisms is divisible by p is that g(q — 1) is divisible by 
p when a > 1.- When a = 1 then gq — 1 must be divisible by p in order 
that such an automorphism is possible. If h is prime to p but involves 
1 distinct prime factors g such that g — 1 is divisible by p then the group 
of isomorphisms of H involves 

! 
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subgroups of order p. Hence the number of groups of order hp which 
contain H as an invariant subgroup is k; + 1 since so may be assumed to be 
the identity and there is one abelian group of order hp which contains this H. 
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When h is divisible by p but not by p* there are 2k; + 2 such distinct groups 
since Ss) may also be assumed to be an operator of order p in this case. 

When 4 is divisible by p? and p > 2 the number of subgroups of order p 
in the group of isomorphisms of H is k; + p' and hence the number of 
distinct groups which contain H as an invariant subgroup of index p is 
2k, + 2+ p' in this case. When p = 2 the number of the subgroups of 
order 2 in the group of isomorphisms of H is 2’ +1 — 1 or 2'+? — 1 as his 
divisible by 4 but not by 8 or is divisible by 8. In the former case the 
number of groups in which H appears as a subgroup of index 2 is 2'+? 
while in the latter case it is 3-2'+ 1. ‘This proves the following theorem: 
If the order h of a cyclic group H is not divisible by the prime number p then 
H appears as an invariant subgroup of index p in ky + 1 distinct groups, 
k, being the number of the subgroups of order p in the group of tsomorphisms 
of H. If h is divisible by p but not by p? then H appears as such an in- 
variant subgroup in 2k, + 2 groups. When h 1s divisible by p?, p > 2, then 
H appears as such a subgroup in p' additional such groups, | being the number 
of the distinct prime factors q of h such that q — 11s divisible by p. Finally, 
when p = 2H appears asa subgroup of index 2 either in 2*? or in 3-2 +} 
distinct groups as h is divisible by 4 but not by 8 or is divisible by 8. 

Having determined the possible groups when H is cyclic we proceed to 
the consideration of the cases when H is either dihedral or dicyclic. It 
is well known that the group of isomorphisms of H in both of these two 
cases is the holomorph of the cyclic group of index 2 contained in H, 
whenever exceeds 8. Hence we can conveniently consider these two 
cases together except in the few groups of low order when h does not 
exceed 8. In what follows we shall assume that h exceeds 8 unless the 
contrary is stated. When ? is odd and the required group is not a direct 
product of H and a group of order p it may obviously be assumed that 
the groups which involve H invariantly are obtained by adjoining to 
H an operator of order » which transforms the cyclic subgroup of index 
2 contained in H according to an operator of order p and is commutative 
with an operator of H which does not appear in this cyclic subgroup. 
Hence the determination of the groups in question is reduced to finding 
the different subgroups of order p in the group of isomorphisms of the 
cyclic group of index 2 contained in H. From this fact there results the 
following theorem: If H is the dicyclic or the dihedral group whose order 
exceeds 8 then H appears as an invariant subgroup of index p, p being an 
odd prime number, in one more group than there are subgroups of order p in 
the group of isomorphisms of the cyclic subgroup of index 2 contained in H. 
The number of these groups is therefore ki + 1 when h is not divisible by 
p? and k + p + 1 when h is divisible by p’. 

When > = 2 a necessary and sufficient condition that the square of 
an operator adjoined to H transforms every operator of the cyclic sub- 
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group of index 2 contained in H into its inverse is that every one of the 
odd prime factors which divides h is of the form 4m + 1 and that h is 
not divisible by 8. The number of such groups which contain H as a 
subgroup of index 2 is then 2'~! and all the operators of such a group 
which do not appear in H are of order 4 or of order 8 as H is dihedral or 
dicyclic. It remains only to consider those groups in which the square 
of an adjoined operator transforms each of the operators of the cyclic 
subgroup of index 2 contained in H into itself and hence this adjoined 
operator transforms the operators of this cyclic group either separately 
into themselves or according to an operator of order 2. The operators 
of order 2 in the group of isomorphisms of this cyclic group generate a 
group of order 2’, 2'*1, or 2'+? as the highest power of 2 which divides h 
is less than 8, equal to 8 or greater than 8. Since the group of inner iso- 
morphisms transforms into their inverses the operators of this cyclic 
group we have to consider only 2’~ 1, 2/, or 2' +! isomorphisms respectively 
of said cyclic group. When h is not divisible by 4 there is obviously one 
and only one group which corresponds to each of these isomorphisms. 
That is, the dihedral group whose order is twice an odd number is found in 
2 or 2'~* groups of twice its own order as all the | odd prime factors of its 
order are of the form 4m + 1 or are not all of this form. 

When / is divisible by 4 there is an outer isomorphism which corre- 
sponds to a transformation of H in which each of its operators contained 
in its cyclic subgroup of index 2 corresponds to itself. Hence we have to 
consider in this case just twice as many isomorphisms of H as the order 
of the group generated by the operators of order 2 in the group of iso- 
morphisms of its cyclic subgroup of index 2. Moreover, when h is di- 
visible by 4 there may be more than one group for a given isomorphism. 
In fact, when h is divisible by 4 but not by 8 and also when h is divisible 
by 8 but not by 16 there are always two groups which correspond to the 
same isomorphism. ‘The number of such groups which contain H as a 
subgroup of index 2 in these two cases is therefore 2’ + ! or 2’ + ? respectively. 
When all the prime factors of h are of the form 4m + 1 there are 2'~ ' more 
groups in the former case. It remains only to consider the case when h 
is divisible by 16. In this case it has been proved that some of these 
isomorphisms do not correspond to groups which involve H as a subgroup 
of index 2 and that there are 5-2’ such groups. 

In what precedes it was assumed that h > 8. When h = 8 there are 
obviously four groups which include H as a subgroup of index 2. When 
h = 6 there is only one such group, and when / = 4 there are three such 
groups. This completes the determination of all the groups which involve 
either the dihedral or the dicyclic group as an invariant subgroup of prime 
index, as well as those which involve the cyclic group as such a subgroup. 
1G, A. Miller, these ProckEpINGS, 14, 819, 1928. 
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THE WEIGHT-LENGTH RELATION IN FISHES 
By ANCEL B. Krys 
Scripps INSTITUTION OF OCEANOGRAPHY OF THE UNIVERSITY OF CALIFORNIA 


Communicated November 13, 1928 


The mathematical formulation of the relation between weight and 
length of fishes has been attempted, with more or less success as to ap- 
proximate fit of calculated and observed values, ever since Herbert Spen- 
cer’s' statement of the ‘‘cube law” in 1871. With two recent exceptions,’ 
all these attempts have been simply expansions of Spencer’s proposition, 
and, as such, have been based on the assumptions of equal specific gravity 
and stereometric similarity of the individual fishes within a species. If 
these assumptions were correct, it would follow, of course, that weight 
would be exactly proportional to the third power of every linear dimension 
of the fish. The weight-length relation would thus be expressed: weight 
equals the cube of the length times a constant, or in symbols, W = aL’. 

The application of the ‘‘cube law’’ equation to fish measurements has 
been carried out by numerous workers, beginning with Hensen in 1899,’ 
all of whom have found that an approximate fit of observed and calculated 
values was thus obtained. For an historical review of the problem 
Hecht,‘ Duncker® and Tyurin,® should be consulted. A number of workers 
commented on the variability of the ‘‘constant”’ a, within a given species, 
and Heincke,’ followed by Johnston,* proposed the use of this ‘‘constant’’ 
as the “Erndhrungskoeffizient’’ on account of the observed seasonal 
fluctuation in its values. Unfortunately, however, the possibility of the 
“constant” a, being correlated to mass of the individual fish, was never 
investigated, for the simple reason that the validity of the “cube law” 
was never questioned beyond the requirements that it gives an approximate 
coincidence of calculated and observed weights. This is sufficient for 
the purposes of fishery work but is hardly requisite for a biological inter- 
pretation of growth and form. 

Weight-length data on samples of three species were used for the present 
analysis of the problem. Seventy-eight live adult killifishes (Fundulus 
parvipinnis), from a random sample of a single population, were weighed 
and measured in this laboratory; measurements and weights of one 
hundred and twelve adult male California sardines were supplied by the 
California State Fisheries Laboratory; data on one hundred adult male 
European herrings (Clupea harengus) were taken from Orton.® The 
formula W = aL’ was applied to each individual fish and the individual 
values of a determined. From these values of a the coefficient of correla- 
tion between a and weight were calculated for the three species with the 
following results: 
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78 Fundulus fa.wt. = 0.6101 + 0.0470 
100 Herring fowt. = 0.477 + 0.0519 
112 Sardines fa.wt. = 0.2142 + 0.0606 


It is clear from the above that in each case there is a significant positive 
correlation between a and weight and that weight, therefore, increases 
more rapidly than the cube of the length. Fulton! noted in his studies 
that there was a tendency for weight to increase more rapidly than the 
cube of the length but did not verify it statistically nor did he evaluate 
the significance of it. 

Having shown that the equation W = aL’ does not give a correct picture 
of the weight-length relation, the question of the general mathematical 
form of the true relation was considered. The general type equation 
y = a(x)” is represented by a straight line when the logarithms are plotted. 
The weight-length data accordingly were tested to see if they conformed 
to this general relation. The material for each species was grouped into 
size groups and the logarithms of the means of the various groups were 
plotted; in each case the resulting graph was very definitely a straight 
line, indicating that the weight-length relation is represented by the 
equation W = a(L)” where W = weight, L = length, a is a constant de- 
pendent on the units employed and the general species form, and m expresses 
the rate of change of weight with length. The determination of from 
the graph is a simple matter. ‘Taking the logarithms of both sides of the 
equation we have: Log W = loga+nlogL. Selecting any two points 
on the graph we may write 


log W2 = loga + n log Ly, log Wi = loga + n log Ly 
and log W. — log Wi = n log Le — n log Li 
or n =log W, — log W,/log Lz — log Li. 


In other words n is equal to the slope of the graph of the logarithms. The 
determination of m was carried out for the three samples: 


78 Funduli n = 3.7 
100 Herring n = 3.5 
112 Sardines n= 3.1 


These values may be substituted in the general equation W = a(L)” 
and applied to the individuals within the three species in order to de- 
termine whether or not the coefficient a is now independent of the mass of 
the individual. Interesting results should also be obtained by assigning 
to n other values intermediate between 3.0 and the value indicated by 
the slope of the logarithms. Accordingly a was calculated for each fish 
for various values of m and the correlation between these individual values 
of a and the weights of the same individuals was determined by the ordi- 
nary least-square method. ‘The results of these somewhat laborious compu- 
tations are given in the following table: 












° 


aN ee IO See 


924 ZOOLOGY: A. B. KEYS Proc. N. A. S. 


VALUE MEAN COEFF. BEST EQUATION 
OF n” VALUE OF CORREL. FOR THE WEIGHT- 
USED OF a ace es LENGTH RELATION 
3.00 0.0125 +0.477 +0.0519 

100 3.17 0.0075 +0.301 +0.0614 

Herring 3.25 0.0058 +0. 266 +0.0629 W = 0.00268(L)5-# 
3.32 0.00466 +0.226 +0.0642 
3.50 0.00268 +0.077 +0.0670 
3.00 0.02136 +0.6101 +0.0470 

78 3.52 0.00820 +0.2670 +0.0712 W = 0.00475(L)3-8 

Funduli 3.70 0.00571 +0.0724 +0.0759 
3.80 0.00475 +0.0429 +0 .0762 

112 3.00 0.01216 +0.2142 + 0.0606 W = 0.0090(Z)?-% 


Sardines 3.10 0.0090 +0.0689 +0.0639 


Nore: The values of a are computed from weight in grams and length in centimeters. 
In each case the excess water adhering to the fishes was removed by blotting with a 
soft towel and the length was measured from the tip of the snout to end of vertebral 
column. 


It is apparent from the above table that the values of m taken from the 
slope of the logarithmic graph satisfy the conditions of yielding a value 
of the constant a which is independent of mass. We can also see that a 
trial and error method of determining the magnitude of m would yield 
practically the same result, inasmuch as there is a regular progression 
in the size of the coefficient of correlation between a and weight with 
changing values of n. 

Tyurin® recently suggested the use of the graph of the logarithms as 
a means of interpolating values for missing observations and showed 
the very good results thus obtained, but he did not formulate any general 
mathematical relation nor did he consider the problem from the more 
important view of growth and form. Duncker® obtained a good approxi- 
mation by using Pearson’s regression equation: y = yo + yix + yox? + 
y3x*. From his results Duncker concluded that the cube law was not 
exact and that it was misleading to use the coefficient a as an index of 
nourishment. His treatment, however, fails to reveal the nature of the 
rate change in the weight-length relation, and, from the practical stand- 
point, is much more laborious than any other method so far suggested. 

It should be pointed out here that for the simple purpose of calculating 
values to supplement insufficient observations such as may arise in 
fishery work, the ‘‘cube law” yields values nearly as close to the true 
values as those obtained from the relation W = a(L)” or from the regression 
equation method. For example, the values for weight for the 100 @ herrings 
when calculated from » = 3.00, differ from the observed values by 7.138%, 
and when calculated from = 3.50 the mean difference is 6.96%. 

The theoretic implications are, however, different. The inescapable 
corollary of the ‘“‘cube law” is, to quote Hecht,‘ that, “‘the rates of growth 
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of the different parts of the fish are identical,” and further, ‘comparison 
with other data indicates that in animals having an indeterminate growth 
[such as fishes] the external form is established early in the post-embryonic 
life of the individual, and is adhered to within rather narrow limits, for 
the rest of its life; whereas in animals having determinate growth, the 
external form changes continually during the period of growth, and as 
soon as the form becomes constant, growth ceases.”’. 

This generalization, establishing a sharp line of demarcation between 
animals of determinate and indeterminate growth is based almost entirely 
on the acceptance of the ‘‘cube law” as accurately representing the weight- 
length relation in fishes. The present paper has shown that the ‘‘cube 
law’’ is an incorrect formulation of the weight-length relation and that the 
true relation is much more accurately depicted by the more general equa- 
tion W = a(L)" where n, as well as a, is computed from the measurements 
and is ordinarily greater than 3 and less than 4. In short, the weight 
increases more rapidly than the cube of the length. We are forced to 
conclude, then, that either the form of the fish, or its specific gravity, or 
both, must change during adult growth. But fishes, as we know, are at 
all times in rather close hydrostatic equilibrium with their environment 
and it follows that there can be little or no change in the specific gravity 
of the fish as a whole during its growth so long as it remains in the same 
environment. ‘The form of the fish, therefore, is not constant but changes 
as it grows; in the present paper a method of approximately determining 
the magnitude of this form change is presented. Although this form, 
change is smaller than in animals characterized by determinate growth, 
the growth difference between the two classes of animals is merely one 
of degree and not of kind. 

It is a pleasure to acknowledge my obligation to Dr. G. F. McEwen 
for advice on the mathematical treatment adopted in the present paper. 

Shortly after this paper had been transmitted for publication, Dr. Frances N. 
Clarke published a valuable paper, “The Weight-Length Relationship of the California 
Sardine (Sardina caerulea) at San Pedro,” Calif. Fish. Lab., Fish Bull. No. 12, Contrib., 
No. 69, 1928. Dr. Clarke derived the relationship from the logarithmic graph and 
concluded that the “weight of sardines increases-at a rate slightly greater than the 
cube of the length.” 

1 Spencer, H., The Principles of Biology, vol. 1, N. Y., 1871. 

2? Duncker’s and Tyurin’s papers, see below. 

3 Hensen, V., Wiss. Meeresuntersuchungen, Abt. Kiel, 4, 249-53, 1899. 

4 Hecht, S., J. Morph., 27 (2), 379-400, 1916. 

5 Duncker, G., Wiss. Meeresuntersuchungen, Abt. Helgoland, 5/1 (4), 1-51, 1923. 

6 Tyurin, P. V., Rept. Ichthyol. Lab. Siberia, 2 (3), 1-24, 1927. (In Russian.) 

7 Heincke, F., et al., Beiteilig. Deut., a. d. Internat. Meeresforschung, 4/5, 66-155, 1907. 
8 Johnston, J., Trans. Liverpool Biol. Soc., 28, 168-239, 1914. 
® Orton, J. H., J. Mar. Biol. Assn. U. K., 11 (1), 71-121, 1927. 
Fulton, T. W., Fish. Bd. for Scotland, Pt. III, 141-241, 1904. 














if 

i 
ie 
ha 

ig 
if 


ee 





PORN EO ROR, EPMA OS AS oni 


1 


926 GENETICS: G. D. SNELL Proc. N. A. S. 


A CROSS-OVER BETWEEN THE GENES FOR SHORT-EAR AND 
DENSITY IN THE HOUSE MOUSE 


By GrEorGE D. SNELL 
BussEY INSTITUTION, HARVARD UNIVERSITY 


Communicated October 17, 1928 


The remarkably close linkage in the house mouse between the characters, 
short-ear and density, and their allelomorphs, normal-ear and dilution, was 
first discovered and reported by Gates (1927). His early experiments 
failed to reveal any cross-overs, and in later experiments the results of 
which have recently been published (1928) the linkage still remained 
unbroken. In all, Gates has tested 426 individuals of F2 and later genera- 
tions from a cross of short-eared and dense X normal-eared and dilute, 
but in none of them has he found evidence of the presence of a cross-over 
chromosome. 

During the past year the present author has likewise been working on 
the linkage of short-ear and density, and can now report that a crossing- 
over has occurred. 

The parent animals used for this linkage test may be represented by the 
formulas S‘S‘dd (normal-eared dilute) and s‘s‘DD (short-eared dense). 
If there is complete linkage the F: generation will contain only three 
types of individuals, namely, S“S‘dd, S‘s‘Dd, and s‘s‘DD, in a 1:2:1 
ratio. If the linkage is not complete and cross-over gametes sometimes 
occur, we shall occasionally obtain animals of the genetic constitution 
S‘S*Dd, S‘s‘DD, S*s*dd, or s*s‘Dd; and much more rarely, as the result 
of the union of two cross-over gametes, ones of the type S“S*DD or s‘s‘dd. 
The last of these, s‘s‘dd, being a double recessive, could be recognized at 
once by its appearance, but all others can only be detected by test matings. 

The test used was to mate the normal-eared dilute F2 individuals with 
the short-eared dense ones. If these have not received a cross-over gamete 
all offspring will be normal-eared dense, but if one of them does carry a 
cross-over chromosome the offspring will be expected to reveal it by one- 
half of them showing a recessive character. Thus, if a member of the F; 
generation is of the genetic constitution S‘s‘dd, a mating with a sib of the 
constitution s°s‘DD will be expected to result in litters containing normal- 
eared dense (S‘s‘Dd) and short-eared dense (s‘s‘Dd) in equal numbers. 
A single short-eared or dilute mouse in a litter is proof that one of the 
parents is a cross-over. Hence, five offspring may be regarded as a very 
adequate test, the chances then being only 1 in 32 that a cross-over will 
fail of detection. 

It is also possible to test the normal-eared dense F2 animals, the easiest 
method being to mate them inter se. If they are not cross-overs the mating 
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will be identical with a mating of F;’s and hence result in litters with the 
three classes S°S“dd, S*s‘Dd, and s°s‘DD in a1:2:1 ratio. If, on the other 
hand, one of the parents is a cross-over and therefore of the genetic con- 
stitution S°S‘Dd, S‘s‘DD, or S‘S‘DD, at least one of the two recessive 
classes will be absent from among the offspring. It follows that both 
parents are proved to be non-cross-overs as soon as they produce both 
short-eared dense and normal-eared dilute young. 

This type of test has not been made, however, for two reasons. It 
can be shown that an average of approximately six young must be raised 
from each mating to obtain the minimum of at least one short-eared dense 
and one normal-eared dilute necessary to complete the test for the absence 
of a cross-over. ‘This is one more than the five per mating which is a safe 
test in the case of the other two classes of F, animals, a fact which makes 
these other classes preferable for testing. 

An even more important reason for the exclusive use of these short- 
eared dense and normal-eared dilute F2’s in preference to the others is that 
if a cross-over mouse is found among them, double recessive (s°s‘dd) animals 
can be derived from it. A short-eared, dense, cross-over mouse will be of 
the genetic constitution s‘s‘Dd, a normal-eared, dilute one of the con- 
stitution S‘s‘dd, and either of these will give gametes, 50% of which carry 
both short-ear and dilution. Any cross-over occurring among the long- 
eared dense F2’s, on the other hand, will be of the formula S°S*Dd, S‘s°DD, 
or S*S‘DD, and hence incapable of yielding double recessive gametes. 
Since, therefore, it was considered very desirable to obtain a double re- 
cessive (s‘s‘dd) animal (a type heretofore unknown) because of the possi- 
bility it opens for more rapid linkage tests by back-crossing, it was decided 
to discard all normal-eared dense F, animals and test only the short-eared 
dense and normal-eared dilute ones. Comparatively few F; matings 
were needed to supply an abundance of F, individuals, so although the 
discarded class made up 50% of the litters the extra pen space required 
was not great. 

Tests have now been completed for 579 F; animals. Forty-five of these 
were discarded as adequately proved out after the production of 4 normal- 
eared dense young, but in the case of all the remaining 534, at least 5 
ofispring were recorded per mating. 

Of these 579 tests all were negative except one. Mouse number 86, 
a normal-eared dilute female, one of the earlier F, animals to be put on 
test, furnished the single exception. She was mated, as were other 
normal-eared dilute females, to a short-eared dense male, and from this 
mating produced both short-eared and normal-eared young, proving her 
genetic constitution to be S‘s‘dd. 

From female 86 has now been derived a considerable stock of double 
recessive animals, and a cross of F;’s with these double recessives has just 
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been begun from which it is hoped to obtain enough cross-overs to estimate 
with some accuracy the intensity of the linkage. 

Whatever the quantitative result of these tests may be, the fact is 
already established by the occurrence of a single cross-over that the 
genes for short-ear and dilution, although borne in a common chromo- 
some, are not at identical loci. 

The experiments have been carried out at the Bussey Institution under 
the direction of Dr. W. E. Castle, to whom the author is greatly indebted 
for invaluable suggestions and assistance. 


Gates, W. H., “Linkage of Short Ear and Density in the House Mouse,’ Proc. Nat. 
Acad. Sci., 13, pp. 575-578, 1927. 

Gates, W. H., “Linkage of the Factors for Short Ear and Density in the House 
Mouse (Mus musculus),’’ Genetics, 13, pp. 170-179, 1928. 


EVIDENCE THAT THE FEMALE IS RESPONSIBLE FOR THE 
SEX RATIO IN SCIARA (DIPTERA)! 


By Mi.Lprep S. Mosgs AND CuHas. W. MEtz 
DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON 
Cop SpriInG Harsor, N. Y. 


Communicated November 15, 1928 


Species of Sciara, as has already been noted,” are of two kinds in respect 
to sex ratios: (1) those which typically give “‘unisexual’’ progenies and 
(2) those which typically give ‘‘bisexual’’ progenies.* In the former, 
pair matings give offspring entirely or almost entirely of one sex, either 
males or females. In the latter type, pair matings regularly give offspring 
of both sexes, but often in ratios deviating widely from 1:1. The present 
paper is concerned with experiments on species of the former type and 
deals specifically with only two features: (1) with evidence showing that 
the sex ratio is determined by the female, not the male‘ and (2) with evi- 
dence indicating that in Sciara coprophila Lint., the eggs of any one female 
are fertilized by sperm from only one male. The question of sex deter- 
mination itself is not considered here, but will be treated in another paper. 

In order to determine which sex is responsible for the sex ratio, indi- 
vidual males were tested separately with several females and individual 
females were tested separately with several males. These experiments 
were carried out on two different species—S. coprophila Lint. and S. 
impatiens Joh., with the same result in both cases. In testing individual 
males, matings were made in two ways. First, one male and several 
females were put together in a single culture. The preliminary matings 
of this type gave the results summarized below. 
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S. coprophila. ‘Twenty-two progenies were clearly of the “‘unisexual”’ 
type, 6 were doubtful, due to small numbers, and 10 gave the following 
ratios (female: male): 10:18, 169:116, 32:108, 108:44, 78:14, 56:63, 
32: 168, 129:68, 92:89, 27+:89. 

S. impatiens. Five progenies were ‘‘unisexual,” the ratios being 1: 407, 
0:159, 204:0, 133:0 and 0:306. Two progenies were bisexual, giving 
95: 246 and 297: 210, respectively. 

These results indicated that the female was responsible for the sex 
ratios, but in order to obtain more critical tests, a second series of experi- 
ments was carried out. Here the females of each lot were separated, 
after being exposed to a male, and the offspring of each female recorded 
separately. ‘The results are summarized below. 

S. coprophila. ‘Thirty-two successful series of matings were secured.® 
In 10 of these all the females gave progenies of the same sex. In the 
remaining 22, both types were obtained. Examples of the latter are 
shown in the following counts taken from the first seven series. The 
ratios here, as before, are expressed in terms of females: males. (1) 
23:0, 0:12; (2) 63:1, 0:82, 31:0; (3) 0:102, 22:0; (4) 12:0, 10:0, 
0:38; (5) 0:95, 83:1, 0:42; (6) 0:98, 46:1; (7) 0:27, 67:0, 0:40. 


The above results show that a male may give daughters by one female ~ 


and sons by another, from which it is concluded that the female is re- 
sponsible for the sex ratio. 

This conclusion would be supported by evidence showing that the 
offspring of individual females are regularly of one sex, even when sired 
by different males, and two series of experiments were carried out for the 
purpose of securing data on this point. In the first of these, single females 
were put with several males. As expected, the progenies were of the “‘uni- 
sexual” type. In the second series, individual females, homozygous for 
the recessive mutant character truncate, were mated to wild-type and to 
truncate males. With this type of mating, the exact parentage of each 
offspring could be determined. ‘Twenty-one such matings were made. 
In each case the offspring were all normal or all truncate, showing that 
they came from only one male. It seems probable, therefore, that in 
this species (S. coprophila) the eggs of one female are normally fertilized 
by sperms from only one male. s 

In the experiments just mentioned, the progenies were mostly wild- 
type, suggesting a selection in favor of sperms from wild-type males. 
To check this and also to find out whether it is the sperms from the first 
male or the last which function, truncate females were mated first to 
truncate and then to wild-type males. In the four cases in which the 
female was observed to mate with the truncate male before the wild-type 
male was substituted, the offspring were all truncate. Of the six cases 
in which mating was not observed, three gave truncate and three wild-type 
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progenies. This would indicate that the eggs are fertilized by sperms 
from the first male with which the female mates and that the results are 
not due to a greater effectiveness of sperms from wild-type males. 

It should be noted in this connection that in the species of Sciara thus 
far studied, the eggs all ripen simultaneously and are all laid within a few 
hours—the female usually living only 3 or 4 days after mating. 


1 This investigation has been aided by a grant from the National Research Council 
Committee for Research on Problems of Sex. 

2 Metz, C. W., Amer. Nat., 40, 57-81, 1926. Metz, Moses and Hoppe, Zetts. ind. 
Abs. Vererb., 42, 237-270, 1926. 

3 In one species both “‘unisexual’’ and “‘bisexual’”’ strains have been secured. These 
intercross freely and are being studied at the present time. 

4A brief statement of these results appeared in abstract form in the Anatomical 
Record, 34, p. 170, 1926. 

5 Records are included only where two or more females gave progenies of ten or more 
each. 


OBSERVATIONS ON SEX-RATIO DETERMINATION IN SCIARA 
(DIPTERA)! 


By Cuas. W. Metz AND MILDRED S. MosEs 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, 
CoLtp Sprinc Harsor, N. Y. 


Communicated November 15, 1928 


It was shown in the preceding paper,’ that in species of Sciara giving 
“unisexual” progenies, the sex-ratio is “‘determined” by the female, not 
the male; i.e., certain females are female-producers and others male- 
producers, regardless of the males with which they mate. The present 
paper deals with the results thus far obtained in an attempt to analyze 
the genetic background of sex-ratio determination. As in the preceding 
paper, the question of sex determination itself is not considered. It ap- 
parently involves a separate series of phenomena. 

Early in the work it was observed that in female progenies both male- 
producers and female-producers were usually found. ‘These were not 
distinguishable morphologically and could only be identified by breeding 
tests. In order to determine whether both types were found regularly 
in such progenies and whether or not they were produced in equal numbers, 
records were made from a large series of matings extending over several 
generations. In most of these, relatively few sisters were tested in each 
case, but in a few instances larger numbers were tested individually in 
order to determine more exactly the ratio of female-producers to male- 
producers. ‘The following records illustrate the type of results obtained. 
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Each ratio represents a series of sisters tested individually. Only those 
females giving ten or more offspring are included. ‘The ratios are ex- 
pressed as female-producers: male-producers. 

Sciara coprophila, 22:9, 18:14, 6:19, 8:7, 5:8, 7:11, 16:4, 9:10, 
11:0, 12:7, : 4:8, 8:4, 4:2, F211, Id, Fe Be 3:3,.. 8:7, Oh ass, 
3:9, 3:2. Total, 178:168, including 376 females from 23 progenies. 
Sciara impaitens, 8:11, 4:1, 3:2, 6:2, 1:8, 1:3, 3:0, 3:6, 3:3, 4:4, 2:4, 2:3, 
4:3, 20:13, 4:1, 7:8. Total, 75:72, including 147 females from 16 
progenies. 

As indicated in these records, both types of females were found in prac- 
tically every progeny tested and where the numbers were large enough 
to be significant the ratio approximates 1:1. In only three cases is the 
deviation over three times and in no case is it over four times the probable 
error. From this it is conclided that female-producing females regularly 
give the two types of daughters in approximately equal numbers. 





Q-producing 9 male d-producing 9 
Aa aa. 
| si 
| 
Aa 9 aa 9 aa J 
FIGURE 1 


Diagrammatic interpretation of the mode of sex-ratio determination in Sciara. 


The simplest interpretation of this behavior would seem to be on the 
assumption that each female-producing female is heterozygous with respect 
to a pair of factors or a pair of chromosomes which are in turn responsible 
for sex-ratio determination. On this basis the working hypothesis outlined 
below was adopted. ‘This assumes that the female-producing female is 
heterozygous and that the male-producing female and the male are both 
homozygous recessive. 

On this scheme, sex ratios should be produced according to the accem- 
panying diagram (Fig. 1). 

It is possible to make certain tests of the hypothesis by the use of 
“exceptional” individuals produced in these ‘‘unisexual” progenies. On 
the one hand, exceptional males should be of two sorts, Aa and aa, in 
equal numbers, while on the other, exceptional females should all be of 
one constitution, az. ‘Tests of maies are relatively unsatisfactory be- 
cause only the Aa class would give significant results and it is not certain 
that such males would be viable and fertile. The few males thus far 
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tested have apparently all been of the ordinary type (aa). The evidence 
from exceptional females, however, is more clear cut and reliable. Here 
only the male-producing class should be present and there is no reason 
for supposing that the female-producing type (Aa) would not be equally 
viable and fertile if produced. It is considered significant, therefore, 
that the twenty-two exceptional females thus far tested were all male- 
producers. The probability of such a result being secured by chance 
where an equality is expected, is about once in 500,000 times, which makes 
it safe to conclude that the behavior is due to the genetic constitution of 
the exceptional class. 

The above evidence would indicate that in this material “‘sex ratio 
determination” follows a fairly simple scheme of Mendelian inheritance, 
possibly based on a single pair of factors. That the scheme is not fixed 
and irrevocable within a species, however, is shown by the fact that in 
both of the above species and also in S. similans Joh. (another species 
ordinarily giving “‘unisexual” progenies), strains have been secured which 
give “bisexual” progenies. The ‘‘bisexual’’ strain in S. impatiens was 
secured in nature—i.e., it came from one wild female which gave a bi- 
sexual progeny. That in S. coprophila arose in the laboratory and is of 
special interest in the present connection because it came from an excep- 
tional female and therefore should be pure aa in constitution. In both 
of these species the inheritance of ‘‘bisexual’’ vs. ‘‘unisexual’’ progenies 


is being studied. The evidence is not yet complete, but it indicates that 
the changes probably involve gene mutations. 


1 This investigation has been aided by a grant from the National Research Council, 
Committee for Research on Problems of Sex. 
2 These PROCEEDINGS, 14, 928 (1928). 


THE RELATION BETWEEN POLARIZATION AND ASSOCIATION 
By JOHN WARREN WILLIAMS 


LABORATORY OF PHYSICAL CHEMISTRY, UNIVERSITY OF WISCONSIN 


Communicated November 10, 1928 


In the study of liquids it is common to speak of associated liquids and 
non-associated liquids. ‘To the former group, those in which we are 
interested, belong those substances whose molecules in the liquid state 
are associations of condensed vapor molecules. It is, of course, familiar 
that many attempts have been made to determine quantitatively the 
exact degree of this association.' It has, however, always been a serious 
difficulty that the results obtained by the different methods have not 
always agreed. 
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More recently the manner and causes of the association have been more 
seriously considered. As is so frequently the case there are chemical 
theories and physical theories. As an example of a chemical theory, the 
treatment of Sidgwick? may be briefly mentioned. ‘The question is treated 
from the standpoint of a valence phenomenon, association consisting 
simply in the formation of coérdinative linkages. Only, then, in the 
case of those molecules which contain at the same time a “‘donor” and an 
“acceptor” will association take place. Thus ethyl alcohol and water 
are associated liquids because they contain a donor, oxygen, and an ac- 
ceptor, hydrogen, but nitrobenzene cannot be associated because it con- 
tains no acceptor. Incidentally, as evidence for the fact that ethyl alcohol 
is an associated liquid and nitrobenzene is a non-associated liquid, this 
investigator cites freezing-point data in benzene for the two substances. 
If, however, the original data of Beckmann? are to be trusted, the mol- 
ecular weight of nitrobenzene in benzene solutions is not constant, but 
increases with increasing solute concentration; therefore, the question 
may be raised whether nitrobenzene is actually a non-associated liquid, 
even from the chemical standpoint. 

A physical theory, and one which seems more promising, is that proposed 
by Debye‘ which depends on the mutual interaction of the dipoles of the 
liquid. ‘Thus, association is restricted to those liquids whose molecules 
are polar in nature. It is in the neighborhood of these polar molecules 
that strong force fields act to associate the molecules of the liquid. 

The dipole moment of a liquid may be determined by the familiar treat- 
ment of dielectric constant and density data for suitable binary mixtures 
in which one component, the solvent, is known to be non-polar in nature. 
It is found that in certain cases the molar polarization of the molecule in 
question, the solute, is always exactly proportional to its mole fraction 
in solution, while in other cases the molar polarization of the solute is 
not proportional to its mole fraction in solution. On the basis of the 
Debye theory the degree of association of the solutes in the latter classi- 
fication is continually changing as their concentration in the non-polar 
solvent is increased. 

In a recent article by Rolinski> a method of calculating a degree of 
association making use of the Debye modification of the Clausius-Mosotti 
law has been suggested. In this method the assumption is made that in 
the liquid studied, the resultant dipole moment of two associating molecules 
is zero, consequently only the case in which the molar polarization (and, 
therefore, what may be termed the average electric moment) decreases 
with increasing concentration of the molecule in question, can be con- 
sidered. ‘This is the familiar nitrobenzene case in the Debye treatment. 
Rolinski defines his degree of association in the following manner: 

The fundamental Debye relation is 
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constant, the polarization due to deformation 

total number of molecules 

number of non-associated molecules 

electric moment 

Boltzmann constant 

= absolute temperature 
Using the dipole moment found in the ordinary way, the degree of asso- 

ciation, a, is given by the equation 
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Treating the polarization data for five substances, Rolinski concludes 
that the degree of association is the larger, the greater is the dipole moment 
of the substance in question. This is illustrated by table 1, taken from 


the paper under discussion. 


TABLE 1 
LIQUID DEGREE OF ASSOCIATION DIPOLE MOMENT 


Nitrobenzene 80.7% 3.84 X 107 e.s.u. 
Chinoline 59.2% 2.25 
Pyridine 57.9% 2.11 
Chlorobenzene 41.0% 1.55 
Ethyl ether 3.9% 1.22 


In view o: the fact that there are other data which have been published 
by the author and his collaborators® which can be used to test this state- 
ment, the necessary calculations were made. Certain of their results 


are given in table 2. 


TABLE 2 
DEGREE OF DIPOLE 
SOLVENT USED SOLUTE ASSOCIATION MOMENT 


Carbon Tetrachloride Acetone 69% 2.70 X 107% e.s.u. 
P Ethyl acetate 39% 1.74 3 
Methyl acetate 43% 1.67 a 
Ethyl ether 4% 1.24 = 
Chloroform 17% 1.15 *: 


It is at once evident that these data will not permit of such a sweeping 
statement as has been made by Rolinski. Furthermore, it seems probable 
that when more data have been accumulated many other irregularities 
will be found. 

Data for other substances are not included in table 2, because there 
appear to be a number of cases in which the molar polarization of the 
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solute seems to remain constant over the whole range of concentration 
studied in spite of the fact that the dipole moment varies from zero to 
rather large values. In this group may be mentioned phenol and benzoic 
acid, studied in benzene solution. According to the usual chemical 
methods these certainly are associated substances, yet over the range of 
concentration studied (from extremely dilute to saturated solutions) 
these substances show no change in their molar polarizations. If these 
substances are treated in accordance with the method given by Rolinski 
a zero degree of association must result. This, in the opinion of the 
author, constitutes a serious objection to the method of treatment under 
discussion. 

The difficulty with this and many other treatments of the problem of 
association from the physical viewpoint seems to be that the dipole mo- 
ment or something practically equivalent is used more or less directly as 
a measure of the association. If the data of tables 1 and 2 represent 
correct degrees of association, then one must conclude that nitrobenzene 
is a liquid having a degree of association considerably higher than such 
liquids as acetone and ethyl acetate, though our chemical experience, 
rough as it is, teaches us that the reverse is probably true. The author 
is willing to accept the presence of a dipole moment as a necessary condi- 
tion for association; it may well be pointed out, however, that it is not 
sufficient. The fact must not be lost sight of that the mutual potential 
energy of two dipoles depends not only upon their magnitude and arrange- 
ment but also upon the distance between them. Association must, 
therefore, also be determined by the minimum distance of the polar groups 
by the approach of two molecules to each other. At the present writing 
this factor appears to be extremely difficult to take into proper considera- 
tion because of the lack of exact data concerning the various molecular 
sizes. 

A comparison of freezing-point data with the polarization data for the 
same systems now available in the literature has failed to show any regu- 
larities. Thus, acetone, phenol and ethyl alcohol all show increasing 
molecular weights in benzene solution as their concentration is increased, 
yet their molar polarizations decrease, remain constant and increase, 
respectively, in the same solvent, as their concentrations are increased 
over the same range. ‘The explanation of this fact is not at once evident. 
These and other data will be given in a later paper. 

Certain of the work reported in this article has been discussed with 
Professor P. Debye—the author gladly acknowledges his indebtedness to 
him for valuable suggestions. 

1Turner, Molecular Association, Longmans, Green and Co., London, 1915; et al. 


* Sidgwick, Electronic Theory of Valency, Clarendon Press, Oxford, 1927. Z. 
Elektrochemie, 34, 445, 1928. 
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3’ Beckmann, Z. phys. Chemie, 2, 715, 1888. 

4 Debye, Handbuch Radiologie, 6, 597, 1925. 

5 Rolinski, Phys. Zeitschr., 29, 658, 1928. 

6 (a) Williams and Krchiaa, J. Amer. Chem. Soc., 49, 1676, 2408, 1927. (6) Williams 
and Allgeier, Jbid., 49, 2416, 1927. See also Williams, Phys. Zeitschr. 29, 174, 683, 
1928. 


pH MEASUREMENT WITH THE GLASS ELECTRODE AND 
VACUUM TUBE POTENTIOMETER 


By L. W. ELDER, JR., AND W. H. WRIGHT 
DEPARTMENT OF CHEMISTRY, UNIVERSITY OF ILLINOIS 


Communicated October 24, 1928 


Although it has becn shown that solutions of oxidizing agents and of 
materials which poison or are catalytically decomposed by platinum, i.e., 
solutions in which the ordinary hydrogen or quinhydrone electrodes are 
inapplicable, may be titrated by a number of electrometric methods,' 
only two of these methods involve electrodes of sufficient reversibility or 
reproducibility to serve in pH measurement. ‘These are the antimony 


trioxide? and glass electrodes.® 

The latter probably has the wider range of applicability, but its exten- 
sive use has been discouraged by the necessity of employing a quadrant 
electrometer. 

Although a potentiometer involving a high capacity condenser and 
ballistic galvanometer has been described‘ as serviceable for rough meas- 
urements of potential in cells of high internal resistance, it occurred to 
one of us that a vacuum tube potentiometer® might be preferable.® 

The Vacuum Tube Potentiometer.—The resistance of an average glass 
electrode is 50 to 100 megohms. This, therefore, represents the minimum 
resistance of the grid circuit if the vacuum tube potentiometer is to be 
suitable for measuring glass potentials without polarization. A type 
UV 199 tube which had given satisfactory service on a quinhydrone- 
AgCl cell was found to suffer serious leakage (10-7 amperes) unless the 
base were removed, the leads soldered directly to the tube terminals, and 
the tube kept in a well-dried atmosphere. Under these conditions, no 
deflection could be observed on a galvanometer of 2000 megohm sensi- 
tivity connected in the grid‘circuit, ie., the current was reduced below 
10-* amperes. A tube having a higher amplification factor, type CX 340, 
was tried in the hope of obtaining greater sensitivity, but its design was 
such that the surface leakage across its terminals was always’ too great. 
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With the galvanometer of 2000 megohm sensitivity in a series with the 
glass cell and grid circuit of this latter tube (CX 340), a deflection was 
observed corresponding to a current of 7 X 10-* amperes and the potential 
of the glass electrode, after a preliminary rise, showed a steady decrease 
on standing, indicating appreciable polarization. When the grid current 
was less than 2 X 10~* amperes, the potentials observed were constant. 
Therefore, the minimum tolerable value for the resistance of the grid 
circuit operating with a 2-volt bias is 1000 megohms. The type UX 222 
tube-in which the grid lead is brought out at the top of the tube, at a 
maximum distance from the filament and plate leads, gave satisfactory 
results without any special precautions. The wiring diagram is shown 
in figure 1. The plate potential of 19.5 v. was supplied from 13 dry cells. 
Operating on a negative grid bias 
of 2.3 volts, the UX 222 tube drew 
less than 10~* amperes in the grid 
circuit and showed a sensitivity 
of +1 millivolt with a Leeds and 
Northrup wall type galvanometer 
(sensitivity 10-* amperes), and 
variable shunt in the plate circuit. 
The method of measurement was 


a modification of that proposed | 
by Morton (Ref. 5d) in which an 
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tiometer was connected in opposi- 
tion to the cell being measured in 5; 
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FIGURE 1 


: : ‘ isd high sensitivity galvanometer; G,;—wall 
block switch S (Fig. 1) in position galvanometer; Py>—potentiometer; S—paraf- 


“a,” the galvanometer was setfora fin block, mercury cup switch; X—glass 
certain “‘zero reading.” ‘Then the  electrode—Ag, AgCl cell. 
cell was cut in by throwing S to 
position ‘‘b’”’ and the potentiometer setting changed to bring the galvanom- 
eter back to its “zero” position. ‘Thus a nearly constant current flow was 
maintained in the plate circuit and difficulties due to fluctuation in plate 
potential were minimized. ‘The unknown potential is, of course, the differ- 
ence between the “‘zero” and second settings of the potentiometer, which has 
been independently calibrated against a standard cell in the usual manner. 
The Glass Electrode.—Thin-walled bulbs were prepared from several 
types of soft glass stock, all of which showed little or no change in po- 
tential when placed successively in acid and alkaline solutions. Although 
one type of glass gave bulbs of roughly reproducible potential in any one 
solution, these bulbs in the course of six hours developed strong positive 
potentials in both acid and alkali. 
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A batch of glass was then prepared from a mixture of c.p. lime and 
soda and some high-grade “‘Ottawa”’ glass sand by fusion in a large nickel 
crucible heated in a carbon resistance furnace. Preliminary work in so- 
called graphite crucibles showed considerable action on the clay binder 
with the consequent danger of a high alumina content of the resulting 
glass. Hughes (Ref. 30) has pointed out that the alumina content of an 
electrode glass must be as low as possible, and recommends a glass of the 
approximate composition—SiO, 72 per cent, CaO 8 per cent, Na,O 20 
per cent. The batch was held at about 1200°C. for 2 hours, with frequent 
stirring by means of a fused quartz rod. When most of the bubbles had 
disappeared, the batch was drawn into small rods. On cooling the glass 
had a slight brown color, probably due to a trace of dissolved nickel oxide. 
A drop of this glass was blown into a bulb of 2 to 3 cm. diameter from the 
end of an 8-mm. tube of stock soft glass. Bulbs prepared in this way 
gave very constant and reproducible 
potentials in 1N HCl and showed 
an approximately normal hydrogen 
electrode function with change in 
pH of the electrolyte. 

The reference electrode employed 
throughout was the Ag, AgCl sys- 
tem in normal KCl solution, pre- 
pared by the method of MacInnes 
and Parker’ as modified by Willard 
and Fenwick.*® 

PH Measurements——A complete 
report of the experimental results in 
various buffer solutions and in oxi- 
dizing media will be published 
shortly. For the present we submit a comparison of quinhydrone electrode 
and glass electrode potentials, both measured with the vacuum tube poten- 
tiometer in the titration of normal HCl by NaOH. (Fig. 2.) We plan to 
study this relation in the alkaline range more in detail by working with 
buffers in which sufficient time may be allowed for the attainment of 
complete equilibrium. 

Discussion.—The difficulties which result from an attempt on the 
part of the average analytical chemist to set up and operate a quadrant 
electrometer are manifold. Electrostatic shielding is necessary and the 
switches must be operated through elaborate insulating devices in order 
to avoid errors introduced by the body capacity of the operator, etc. 

On the other hand, we have found that the only precaution which 
must be taken when a vacuum tube potentiometer is employed is that the 
instrument must be mounted in a dry atmosphere. 
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We have also been able to make satisfactory glass potential measure- 
ments in humid summer weather under conditions which would have 
proved hopeless for the quadrant electrometer. This may be due to the 
fact that the electrostatic field associated with the 2.3-volt grid circuit 
is so small in comparison with that present in the vicinity of the electrom- 
eter vane (50 volts) that stray atmospheric charges are not so readily 
collected in the former case. 

1N. H. Furman, J. Am. Chem. Soc., 44, 2685, 1922; Trans. Am. Electroch. Soc., 
43, 79, 1923; Van der Meulen and Wilcoxon, J. J. E. C., 15, 62, 1923; Popoff and 
McHenry, J. J. E. C., 20, 534, 1928; \.”. T. Richards, J. Phys. Chem., 32, 990, 1928; 
Closs and Kahlenberg, Trans. Am. Electroch. Soc., preprint, Sept. 24, 1928. 

2K. J. Roberts and F. Fenwick, J. Am. Chem. Soc., 50, 2125, 1928. 

3W. S. Hughes, (a) J. Am. Chem. Soc., 44, 2860, 1922; (b) J. Chem. Soc., 1928, 491; 
F. J. Watson, Chem. Eng. Miu. Rev., 20, 59, 1927; Kerridge, Biochem. Journal, 19, 
611, 1925. 

4 Jones and Kaplan, J. Am. Chem. Soc., 50, 1845, 1928; C. E. Davis and G. M. 
Davidson, Jbid., 50, 2053, 1928; Beans and Walden, Jbid., 50, 2673, 1928. 

5 (a) Goode, J. Am. Chem. Soc., 44, 26, 1922; (b) Treadwell, Helv. Chim. Acta., 
8, 89, 1925; (c) Williams and Whitenack, J. Phys. Ch., 31, 519, 1927; (d) C. Morton, 
Trans. Faraday Soc., 24, 14, 1928; (e) E. Linde, Svensk. Kem. Tidskrift, 39, 285, 1927. 

6 After most of this work had been completed (August 12th) the authors learned that 
H. M. Partridge has carried out similar measurements of glass cell potentials with a 
vacuum tube potentiometer, at New York University. 

7 MacInnes and Parker, J. Am. Chem. Soc., 37, 1449, 1915. 

8 Willard and Fenwick, Ibid., 44, 2508, 1922. 


CHEMICAL REACTION IN THE INTERFEROMETER U-GAUGE 


By Cari BARUS 
DEPARTMENT OF Puysics, BROWN UNIVERSITY 


Communicated November 6, 1928 


1. Apparatus.—To determine in how far the run of a chemical process 
would be reproduced by the apparatus in question, the absorption of 
the oxygen of the air by phosphorus was tested. This, besides being 
rather brutal treatment of the gauge, is also unfortunately a complicated 
reaction—unless the air is quite dry; for there will be a heat reaction from 
the absorption of water vapor by the P.O; produced, as well as the heat 
reaction of oxidizing phosphorus; but it does very well for the present 
purposes and leads to an astonishing result. The apparatus is shown in 
the insert a, figure 1, where m, m’ are the (shallow) pools of mercury of 
the U-gauge, v and v’ the closed air volumes, communicating respectively 
with the Dewar flasks, D and D’ (450 cm.* capacity). Each contains a 
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sensitive mercury thermometer (T, T’ reading to 0.01° C.) and the phos- 
phorus is introduced at the initial time into D, which is then closed like D’. 

2. Data.—The observations of the temperatures of the air in the two 
flasks in the lapse of minutes (abscissas) after charging with phosphorus, 
are given in the graphs, figure 1, 6 (air only) and c (air with phosphorus 
content). ‘Their differences are unexpectedly large. To avoid negative 
quantities, the difference Ar at about 3 minutes is here taken as zero and 
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the curve d then shows the relative temperature variation in the successive 
minutes thereafter. Initial features are thus lost. 

The curve e summarizes the times in minutes, of the observation of r 
in cm., at the micrometer of the interferometer; where, if Ah is the corre- 
sponding mercury head or difference in the level of the pools of mercury, 

Ah = 0.71Ar, nearly, the angle of incidence of the rays of the interferom- 
eter being 45°. 

These results suffice for the computation (curve f) of the pressure 
increment Ah on the right, which results purely from the absorption of 
oxygen by the phosphorus on the left, where 
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Ah = dh + h(dh/l + Ar/r), 


h being the mean height of the barometer on closing the vessels D and D’ 
immediately after introducing the phosphorus into D, figure la. Moreover, 
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l is the height of a cylinder of air of the same diameter as v, but increased 
so as to include the volume of D, and 7 is the absolute mean temperature. 
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Ah it should be noticed, increases from over 10 to over 20 times the value 
of dh observed. 

Inasmuch as —Ah refers only to the pressure deficiency due to oxygen 
absorption, it may be written hAm/m, where m (in grams) is the total 
air content of either closed volume; so that Am = —m/(Ah/h). Results 
so found are shown in the lapse of time (minutes) in the graph, g, Am 
being plotted positively for convenience. 

3. Inferences.—As the total volume of each region Dv was 555 cm.’, 
the mass of the air content must have been about 0.666 gram and the 
amount of absorbable oxygen about 0.153 gram. As the Am after 30 
minutes does not exceed 0.0059 gram, less than 4% of the available 
oxygen has been absorbed. 

In view of this, the run of the curves dr = 0.71 dh and Ah is peculiar. 
As the former (dr) runs out into a nearly horizontal plateau after 16 min., 
one may conclude that the reduction of pressure in D due to oxygen 
absorption is now balanced by the rise of pressure due to the accompanying 
increase of temperature. Yet it is then difficult to understand why in 
the curve Ah, the mean rate of absorption of about 0.036 cm. Hg per min. 
should fall off to about 0.006 cm./min. after only 16 minutes and when 
the available oxygen has hardly diminished (absorption scarcely 3%). 
Possibly the phosphorus covers itself with an oxide scum by which the 
subsequent oxidation is much retarded. 

A further comparison may be made by computing the rise of tempera- 
ture Ar to be expected from the Am obtained. The oxidation of phos- 
phorus produces 369,000 ca. or with the subsequent aqueous solution 
405000 ca. per gram molecule (142 grams), of P.O; produced.* ‘Taking 
the larger datum, this makes the rise of temperature Ar in the gas, re- 
sulting from the absorption of Am grams of the gas in D, Ar = 31.6 X 
10? Am. Since after 30”, Am = 0.0059, a rise of air temperature of 186° 
would be in question, of which only Ar = 1.4° is observed. Most of the 
heat is thus absorbed by the vessel as fast as it is produced. 

4. Further Experiments.—As the intensity of the reaction soon subsides, 
it is at the beginning of the experiment that its strong features are to be 
sought. Unfortunately, these are hard to observe; for after introducing 
the phosphorus into the Dewar flask and closing it securely, the fringes 
are sometimes difficult to find in view of the disturbances. But this 
initial behavior is obviously very important and the successive series of 
experiments, of which a single example only can be given here, were made 
with an aim to elucidate it. Initially, there is no evidence of gas absorption 
but rather of pressure, as if an emanation were exhaled by the oxidizing 
phosphorus. ; 

The best results of this kind in which the pressure and temperature 
observation were made quite from the beginning is given in figure 2, the 
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graphs 7,, Tt», Ar = Ty — 72, dh, Ah and Am being constructed as heretofore, 
dh and Ah referring to pressure on the air side. In the computations 
Ar and dh were reduced to zero at the beginning (0 minutes). One notes 
that the pronounced minimum in the temperature 7, of the phosphorus 
chamber coincides nearly with the minimum pressure (dh) of the air 
chamber; i.e., with the maximum pressure on the phosphorus side, so 
that the emanation is produced with a loss of heat. ‘This also is marked 
in the graph for Ar drawn in a larger scale and the two occurrences must 
therefore be correlative. After the lapse of 4 minutes, however, there is 
a collapse of the emanation, whereupon the temperature in the phosphorus 
side rises precipitately while the pressure rapidly falls owing to the gas 
absorption. After 12 minutes the temperature changes subside as do 
also the pressures, but more gradually. The corrected graph Ah which 
with its sign changed shows the actual loss of pressure due to the ab- 
sorption of oxygen and the graph Am which gives the mass of gas ab- 
sorbed accentuate the same results. In different runs the final pressures, 
Ah, after 30 min. and the total amounts of gas absorbed, Am, naturally 
differ somewhat, depending on how far the violent reactions at the be- 
ginning have been included, Ah from 0.7 to 0.9 cm. of Hg and Am from 
0.006 to 0.008 gram being fair averages. The possibility of measuring 
such relatively large pressures conveniently with the interferometer comes 
from the fact that Ah is from 20 to 40 times larger than dh. 
* Cf. Kay and Laby’s Tables, p. 65. 


RESISTANCE AND THERMO-ELECTRIC PHENOMENA IN 
METAL CRYSTALS 


By P. W. BRIDGMAN 
JEFFERSON PuHysIcAL LABORATORY, HARVARD UNIVERSITY 


Communicated October 19, 1928 


In a recent number of the Physical Review I discussed the significance 
of some of the more important qualitative features of the thermo-electric 
behavior of metal crystals, but had to leave unsettled the precise nature 
of some of the experimental facts until the completion of an experimental 
investigation then in progress. This investigation has now been com- 
pleted, and the results are being published in full detail in Proc. Amer. 
Acad.; a brief summary of these results is the purpose of this note. In 
the extended paper will also be found a rediscussion of a couple of rather 
important theoretical matters, with regard to which I had previously 
reached erroneous conclusions because of my failure to take due account 
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of the transverse thermal effect in crystals, a phenomenon at that time not 
known to me. A brief summary of these new conclusions is also given 
here. 

An improved method of making single metal crystals has been de- 
veloped by which it is possible to cast from the same melt a number of 
single crystal rods of a wide range of orientation. An apparatus has 
been constructed by which the thermal e.m.f. of 16 such rods may be 
measured simultaneously, so that the only variable factor in the results 
is the crystal orientation. The thermal e.m.f. between 20° and 88°C. 
of single crystal Zn, Cd, Sb, Sn and Bi against Cu has been measured, 
and from the results the thermal e.m.f., Peltier heat, and difference of 
Thomson heat between rods of the same metal in different orientations 
is calculated. The following results are found for thermal e.m.f. 


Zn: (t.e.m-f.)), = 1.800 X 10-* X (7 — 293.1) + 4.27 x 10-9 


x (r — 293.1)? 
Cd: (temf.)), = 2.973 X 10° X (r — 293.1) + 10.82 x 107° 
x (r — 293.1) 
Sb: (t.e.mf.)y_, = 26.7 X 10 X (r — 293.1) + 11.1 x 107° 
X (r — 293.1)? 
Sn: (t.e.m-f.)))-45° = —0.259 X 10 X (7 — 293.1) + 0.85 X 10-9 
x (r — 293.1)? 
(t.e.m.f.)), = —0.657 X 10-° X (r — 293.1) + 1.82 x 10-9 
x (r — 293.1)? 
Bi: (t.e.m-f.)j-45° = 21.6 X 10° X (+ — 293.1) — 38.1 X 107° 
x (r — 293.1)? 
(t.emf.)); = 51.2 X 10-* X (7 — 293.1) — 75.3 X 10-9 
x (r — 293.1)? 


These formulas give the e.m.f. in volts in a thermocouple of two rods 
of the indicated orientations, one junction of which is maintained at 
20°C. and the other junction of which is at the absolute temperature r. 
A positive sign for (t.e.m-.f.)\;_, indicates that the positive current flows 
from the direction parallel to the crystal axis to the direction perpen- 
dicular to the axis at the hot junction. 

It is emphasized that in the case of Sb and Bi the heat absorbed by an 
electron when its direction of motion changes from perpendicular to the 
axis to parallel to the axis is very large, being, respectively, 0.2 and 0.4 of 
the energy of a gas molecule at the same temperature. ‘This is a difficult 
point for any theory like the recent one of Sommerfeld, in which that 
part of the energy of a conduction electron which varies with temperature 
is supposed small compared with the classical amount. 

The Kelvin-Voigt law that thermal e.m.f. is a linear function of cos’@, 
6 being the angle between crystal axis and the length of the rod, is verified 
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for Zn, Cd and Sb, but there are deviations for Sn and Bi which seem 
distinctly greater than possible experimental error. It was this that made 
it necessary to give separate formulas above for the 45° and perpendicular 
directions of these two metals. It would appear in general, therefore, that 
the Kelvin-Voigt symmetry law for thermal e.m.f. is only an approxi- 
mation. This is perhaps the most important result of the new experi- 
mental work. I had previously come to the same conclusion, but Linder? 
had ques.ioned whether this conclusion was justified by the experimental 
accuracy, and thought that his own data indicated the opposite conclusion 
over my temperature range, although over a wider range he also found 
departures. I felt that both the work of Linder and myself was capable 
of considerable improvement experimentally, whence this new investiga- 
tion. The new results bear out the conclusion of Linder with respect 
to zinc in the temperature range below 100°. The new data for Sn and 
Bi are, however, very much more complete than the former data for 
these metals, so that I believe that my original conclusion with regard to 
the approximate character of the Kelvin-Voigt symmetry law must stand. 
It is shown in the detailed paper that the failure of the symmetry relation 
is due to the Peltier heat, as distinguished from the Thomson heat. 

In the case of Bi a special examination was made of the Kelvin-Voigt 
assumption that thermal e.m.f. has rotational symmetry about the crystal 
axis, and no appreciable deviation was found. 

The specific resistance of these metals as a function of orientation was 
subjected to a more complete examination than has been made hitherto. 
The possible error arising from distortion of the crystal rod is so great 
in the case of Cd that a special method of measurement had to be used. 
The Kelvin-Voigt symmetry relation for resistance is satisfied within 
experimental error. Especial attention was given to the resistance of Bi, 
and my previous low value perpendicular to the cleavage plane verified. 
The pressure coefficient of resistance of Sb and Bi was redetermined, so 
that now this quantity is known over the entire range of orientation. 

In the theoretical discussion is shown that the third law of thermo- 
dynamics gives considerable plausibility, although not complete certainty, 
to the thesis that the symmetry of the Peltier and the Thomson heat 
must be the same; this would mean that the apparent experimental 
difference in the symmetry of the two heats is merely an effect of the 
much greater error in the Thomson heat. It is shown that, contrary to 
statements previously made by me, Kelvin’s axiom of the superposition 
of the thermal effects of currents is not internally inconsistent, so that his 
proof of the symmetry relations and of the existence of a transverse tem- 
perature effect* are logically defensible. Experiment, however, seems 
opposed to the truth of the axiom. The revised discussion shows further 
that the local surface heat where a current leaves a metal crystal is a 
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function both of the direction of flow with respect to the crystal axis 
within the crystal and of the orientation of the surface, contrary to my 
former statement. It is also shown that these crystal phenomena no 
longer offer a basis for the proof that the electrons must move in the 
crystal along something analogous to fixed channels. 

*In Proc. Nat. Acad. for Jan., 1927, I announced the experimental detection of the 
transverse temperature effect, as I thought, for the first time. Recently, however, 
Dr. Borelius has called to my attention that this effect was experimentally established 
in a paper by Borelius and Lindh published during the war (Ann. Phys., 53, 97, 1917). 
The effect has also been independently announced by Terada and Tsutsui in Japan 
(Proc. Imp. Acad., 3, 132, 1927). 

1P,. W. Bridgman, Phys. Rev., 31, 221, 1928. 

2K. S. Linder, Phys. Rev., 29, 554, 1927. 


ANGULAR DISTRIBUTION OF INTENSITY OF RESONANCE 
RADIATION 


By RoNALD W. GURNEY 


PALMER PHYSICAL LABORATORY, PRINCETON UNIVERSITY 
Communicated October 31, 1928 


Spectrophotometric methods have recently been applied for the first 
time to the study of the solar chromosphere and prominences.' It is 
generally accepted that the line spectra emitted by such vapor is due to 
the scattering of incident light as fluorescent radiation. An atom situated 
in a beam of light absorbs a quantum, and the electronic configuration 
takes up a state of higher energy. The now excited atom after a normal 
interval of 10—* second re-emits the quantum in a random direction. That 
at any rate appears to be a widespread view of the process. Thus Milne 
in discussing an atom at the top of the chromosphere writes, ‘“The atom 
will be exposed to radiation only on the side toward the sun.... On 
the other hand emissions will be in a random direction, and consequently 
the recoil momentum acquired will on the average be zero.”’*? And more 
recently, ‘‘for an atom these recoils give zero momentum since emissions 
are distributed at random in direction.’’ 

We believe this assumption of random distribution of emission to be 
a mistake. No photometric measurements appear to have been made in 
the laboratory to compare the intensity of resonance radiation emitted 
at various angles from the incident beam. And in the absence of evidence 
the assumption of random emission would seem at first sight the most 
natural to make. Nevertheless we think that the interpretation of in- 
direct evidence shows clearly not only that there is a variation with angle, 
but what is its magnitude. 
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The practical application of such knowledge is clear. For suppose 
that we have measured the quantity of radiation emitted within a small 
solid angle w. Then if the emission is random, that is to say uniform, 
we shall determine the total light emitted by the vapor by multiplying 
by 41/w; but if not, we shall have to take into consideration the angle 
through which the scattered light has been deflected. 

When vapor is illuminated by a beam of ordinary unpolarized light, 
which is the case which we are considering, the resonance light must of 
course show an axial symmetry around the beam. But the first evidence 
of non-uniform emission of resonance radiation seems to have been ob- 
tained in 1923 by Wood and Ellett, when using a plane polarized beam 
to excite resonance of the 2536 line of mercury. The direction of observa- 
tion was at right angles to the incident beam; and when the electric vector 
of the incident beam was in this direc- 
tion the intensity of resonance light N 
was found to be ‘“‘very feeble’ com- 
pared with that when the magnetic 
vector was in this direction. Thus 
the distribution of the resonance light ,~ 
was similar to the intensity expected 
from a linear oscillator set in vibration WwW E 
by the: Nee et: oe Ce eo er eS ee 
work® on the 2536 line has shown that 
the state of polarization of the re- 
sonance light is always that predicted 
from atomic oscillators, a result which 
can now be understood from the quan- | 
tum mechanics. | 

In this experiment of Wood and sia ’ 

Ellett the distribution of the re-emitted 

quanta was clearly not at random, and it remains to be shown that neither 
for an ordinary unpolarized beam will the distribution be random. Con- 
sider a beam of plane-polarized light directed perpendicular to the plane 
of the paper with its electric vector in the N-S line (Fig. 1). We will 
distinguish six directions, N, S, E, W, “backwards” toward the source, 
i.e., up from the paper, and ‘forwards,’ i.e., down through the paper. 
The atomic oscillators (represented in figure 1 by an arrow) will vibrate 
in the N-S line, and the intensity emitted in the backwards or forwards 
direction is equal to that emitted east or west. Now let the plane of 
polarization of the incident light suffer a continual rapid rotation (e.g., by 
rotating a nicol prism) ; the arrow in figure 1 rotates. The intensity emitted 
in the backwards and forwards direction is unchanged, but that emitted 
east and west is halved. In fact, the intensity anywhere in the plane of the 
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paper is one-half that emitted in the backwards or forwards direction. 
This would also be the distribution of intensity for stimulation by un- 
polarized light. For if the rotating incident beam, considered above, 
had been elliptically instead of plane polarized, the result would have 
been the same; and ordinary unpolarized light is merely elliptically 
polarized light whose component vectors suffer arbitrary changes of phase, 
and this will make no difference to the intensities. The intensity at any 
angle ¢ from the incident beam, being proportional to the square of the 
amplitudes, varies as (1 + cos’). 

Thus we reach the conclusion that when atoms have been excited by 
unpolarized radiation, the quanta are not re-emitted at random, but the 
direction depends on the direction from which the original quanta came, 
except in cases where we happen to have “naturliche Anregung.” In the 
case of lines such as 2536, which have a simple Zeeman effect, the 
probability of a quantum being re-emitted at 90° is half the probability 
of its being re-emitted near the forward or backward direction. In more 
complicated cases the distribution can be calculated from Heisenberg’s 
principle,® which has now been derived by Oppenheimer* from the quantum 
mechanics. 

This intimate connection between the state of polarization and the 
angular distribution is well known in the sphere of x-rays; for the angular 
variation of intensity provides the only means available for measuring 
the state of polarization. The factor (1 + cos’) of course occurs both 
in the classical formula for the scattering of x-rays given by J. J. Thomson,’ 
and in the formula for molecular scattering in the visible region given long 
ago by Lord Rayleigh.* Both these formulas deal with the scattering in 
a continuous spectrum where we are not concerned with frequencies char- 
acteristic of the atom nor with atomic processes connected with these 
such as excitation. Here both theory and experiment show the similarity 
of the phenomena of scattering in the visible region with that of x-rays.° 
But for frequencies characteristic of the atom there is a marked contrast. 
For the recent measurements of A. H. Compton! have shown that “charac- 
teristic’ fluorescent x-radiation is completely unpolarized within 0.5 
per cent, in contrast to the x-ray continuous spectrum. But in optical 
resonance, as we have seen, the laws as to polarization and angular dis- 
tribution approach and even coincide with those for ordinary Rayleigh 
scattering. 

As an illustration we will apply the angular distribution of resonance 
radiation to the case of a planetary nebula illuminated by a central star. 
Various models have been considered by Curtis.‘ A homogeneous, 
transparent, spherical shell of self-luminous vapor of uniform thickness 
should appear in projection as a disk with a brighter peripheral ring. If 
d be the thickness of the shell expressed as a fraction of the outer radius, 
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the intensity of the brightest part of the ring will exceed that at the center 





2 
of the projected luminous disk by the factor NE — 1. The value of this 


is, for example, 4.4 when d = 0.1. i 

But if part of the light from the shell is resonance radiation, the cal- 4 
culation based on self-luminosity will require modification. For the “i 
resonance light emitted toward the earth from near the center of the 
disk has been scattered at A through a small angle, and at B through . 
about 180°. But for the light from points C and D on the peripheral Wi 
ring the value of cos*# is nearly zero, so that the calculated intensity 
would require correction. 

The same argument will apply to the models in the form of a homo- 
geneous oblate spheroidal shell of vapor. But in this case there will 
be a greater variation due to the a 


c _— 7» 











inverse-square decrease in the in- ii 
: He . , i 
tensity of the exciting light with ToEarth—> a 
the distance from the central star, Hh 
which does not seem to have been- 4 
taken into account by Curtis. A 4 
B #2 ra 





Around the major axis where the 
shell is, say, twice as distant from ik 
the central star the intensity of (ie 
the incident light will be one 
quarter, and hence the intensity a, 
of the scattered light will be one ween it 
quarter of that calculated for self-luminous vapor of uniform density. { 
One of the principal features described by Curtis was, in fact, that 26 ia 
planetary nebulae all showed to a greater or less degree a marked ‘a 
diminution in intensity along and at the end of the major axis of the i 
projected ellipse. This variation of intensity clearly applies not only i” 
to true resonance radiation but to the entire emission, which consists 

of radiation deviated from the energy-stream received from the cen- 
tral star, and is far more important than the correction described in the " 
preceding paragraph, which is likely to be small, since recent theories” | 
regard the spectrum as chiefly stimulated through indirect processes. 

In the example above the distance from the central star was taken as 
so great that the latter might be regarded as a point source of light, giving 
to each portion of the shell of vapor a particular value of ¢. For cases 
where this cannot be done, as for vapor in the solar chromosphere, we 
should have to integrate over the solid angle, taking into account the : 
law of darkening toward the limb. The calculations of radiation-pressure iy 
in which Milne assumed random direction for the re-emission and recoil 
are, of course, unaffected by these considerations, since for his purpose it 
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was not necessary that the recoils should be random but only symmetrical. 

The Resonance Process.—If vapor is illuminated by light which contains 
only frequencies sufficient to raise the atom to the first level of excitation, 
then the whole of the re-emitted light will be monochromatic and of the 
same frequency as that absorbed. But if the incident light contains wave- 
lengths capable of raising the atom to a higher state of excitation, the 
atom can return to normal by several quantum transitions, emitting 
spectral lines of frequencies different from those absorbed. (Thus in 
1915 the present Lord Rayleigh used the ultra-violet line 3303 to excite 
fluorescence of the D-lines of sodium.’*) And the question arises: Will 
the light in one or all of these spectral lines show polarization as in the 
case of simple monochromatic resonance? And will the angular dis- 
tribution of intensity depend on the direction from which the original 
quanta came—quanta which in this case were of different frequency from 
those now being emitted? 

This problem is of interest because there is a divergence between classical 
and various forms of quantum theory. Classically an atom, after stimu- 
lation or during stimulation by incident light, may emit light of various 
frequencies in the form of harmonics, the emission of the different fre- 
quencies taking place simultaneously. In the quantum theory, on the 
other hand, the emissions are usually regarded as successive, due to suc- 
cessive quantum transitions. Suppose now that in a resonance experiment 
we use light of sufficiently high frequency to raise the atom to a high 
level of excitation, and suppose that we can produce a rotation of the 
plane of polarization of the re-emitted light by means of a magnetic field, 
as done by Hanlé;® if the various quantum transitions really are successive, 
one following the other, we might perhaps expect the spectral line corre- 
sponding to the second quantum jump to take up the angle of polarization 
to which the first had been rotated, and to continue the rotation from 
where the first had left off. 

In conclusion it may be pointed out that the direction of emission of 
quanta by atoms which have been excited by electron impact would seem 
to bear a relation to the direction from which the electrons came. For it 
was found by Ellett, Foote, and Mohler,’ and by Skinner,** that the light 
in various spectral lines emitted by mercury vapor under electron bom- 
bardment was plane-polarized in amounts up to 30 or 40 per cent, either 
parallel or perpendicular to the beam of electrons. And there seems to 
be little doubt that this polarization would be accompanied in the usual 
way by a marked angular variation of intensity. 


1 Davidson and Stratton, Mem. Roy. Astron. Soc., 64, p. 144, 1927; Davidson, Min- 
naert, Ornstein, and Stratton, M. N. R. A. S., 88, p. 536, 1928. 
2 Milne, M. N. R. A. S., 84, p. 355, March, 1924. 
3 Milne, Ibid., 86, p. 584, June, 1926. 
* Wood and Ellett, Proc. Roy. Soc., 103, p. 396, 1923. 
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5 Wood and Ellett, Phys. Rev., 24, p. 243, 1924; Hanle, Zeit. Phys., 30, 93, 1924. 
6 Heisenberg, Zeit. Phys., 31, p. 617, 1925; Oppenheimer, Jbid., 43, p. 27, 1927. 
7J. J. Thomson, Conduction of Electricity through Gases. 


8 Rayleigh, Phil. Mag., 41, p. 107, 1871. 


® Except for hard x-rays where the distribution is altered by the Compton effect. 
10 A. H. Compton, Proc. Nat. Acad. Sci., 14, p. 549, 1928. 
11 Curtis, Pub. of the Lick Observatory, 13, p. 63, 1918. 

2 Zanstra, Astrophysical J., 65, p. 50, 1927; Bowen, Astrophys. J., 67, p. 1, 1928. 


13 Strutt, Proc. Roy. Soc., 91, p. 511, 1915. 


14 Ellett, Foote, and Mohler, Phys. Rev., 27, p. 31, 1926. 
% Skinner, Proc. Roy. Soc., 112, p. 642, 1926. 


SOME MULTIPLETS OF SINGLY IONIZED THALLIUM 


By STANLEY SMITH 


DEPARTMENT OF Puysics, UNIVERSITY OF ALBERTA 


Communicated November 5, 1928 


By applying in the usual manner the regular and irregular x-ray doublet 
laws to the optical spectra of mercury-like atoms and interpolating be- 
tween the data for Hg.I' and Pb III? the approximate positions of the 
(6s6p)*Po12 —_ (6s6d)*Dj2 3, (6s6p)*Po12 — (6s7s)3S;, and (6s6p)*Po12 eg 
(6p6p)*Po12 multiplets of Tl II may be predicted. 

Wave-length measurements in the Schumann region of the vacuum 


(6s6d)*D, 


(6s6d)*D; 


(6s6d)*D3 
(6s7s)*S, 


(6p6p)*Po 


(6p6p)*P, 


(6p6p)*P» 


TABLE 1 
TRIPLET TERM MULTIPLETS OF TL II 
(6s6)*Po (6s6p)*P1 

1499.35 (8) 1568.45 (5) 

66696 2939 63757 9338 
285 
1561.47 (10) 

64042 9337 


1792.90 (10) 


55776 2943 
1317.82 (4) 
75883 2942 





1892.75 (12) 
52833 9332 
1490.50 (5) 

67092 

5849 
1370.98 (5) 

72941 9328 


8961 


1220.97. (2) 
81902 9326 





(656))*P2 
1837.59 (2) 
54419 

286 
1828.00 (7) 
54705 

397 
1814.82 (20) 
55102 
2298.78 
43501 


1572.01 (5) 
63613 


8963 


1377.88 (6) 
72576 
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spark spectrum of thallium given by Carroll’ and some unpublished 
measures by Dr. R. J. Lang were used in making a search for these groups. 
Wave-number separations of 2942 and 9335 were found to occur between 
lines which are near the expected positions of the above-mentioned groups. 
These are taken to be the 6Po12 separations. Working on this basis the 
multiplets given in table 1 were identified, Lang’s measures being quoted. 
It was found, however, that the P P group thus selected did not follow 
very closely the irregular doublet law in relation to the corresponding 
groups of Hg I and Pb III. As this seemed to cast some doubt on the 
correctness of the above identifications an attempt was made to find some 
of the lines arising from combinations between the lowest singlet terms 
and intercombinations between singlet and triplet terms so that, if possible, 
a further test might be made of the scheme presented in table 1. The 
line 41321 was selected as (6s6s)'So — (6s6p)'P; and 1908 was taken to 
be (6s6s)'So — (6s6p)*P;. The latter line has been similarly identified 
by Rao and Narayan.* ‘These lead to a wave-number difference of 23267 
between the *P; and 'P, terms, this being the mean value derived from 
Carroll’s and Lang’s measures. The predicted values of (6s6p)'P; — 
(6s6d)*D,, (6s6p)'P; — (6s6d)*D2, and (6s6p)'P; — (6s7s)S, are then 
40775, 40490 and 29566, respectively. The observed lines at 40772.0, 
40488.7 and 29567.4 would therefore seem to be the lines sought for. 
Further evidence that these lines are to be attributed to T1 II is afforded 
by a study of the variations in intensity of lines in the spectra obtained 
from an interrupted arc between thallium electrodes in air with pro- 
gressively increasing voltages. Combinations with their probable classi- 
fications are given in table 2. ‘The wave-lengths above 2200 A quoted 
here are measures in the vacuum spark spectrum made by the writer 


TABLE 2 

COMBINATIONS OF SINGLET AND OF SINGLET AND TRIPLET TERMS oF TL II 

CLASSIFICATION MA INTENSITY v OBSERVED v CALCULATED 
(6s6s)'So — (6s6p)'P; 1321.77 10 75656 
(6s6s)'So — (6s6p)*Pi 1908. 66 25 52393 
(6s6p)!P,; — (6s6d)*D, 2469.88 4 40488 .7 40490 
(6s6p)'P; — (6s6d)*D, 2452.66 7D 40772.0 40775 
(6s6p)'P; — (6s7s)*Si 3382.80 3 29567 .4 29566 
(6s6p)*Pi — (6s7s)'So 1798.49 2 55602 
(6s6p)!P1 — (6s7s)1So 3092.62 10 D 32334. 8 32335 
(6s6p)*P; — (6s6d)'Dz 1592.94 3 62777 
(6s6p)*P2 — (6s6d)!D, 1871.56 3 53434 
(6s6p)'P; — (6s6d)'D, 2531.59 8D 39500.8 39510 
(6s6p)'Pi — (6p6p)*P, 2013.04 1 49676 49674 
(6s6p)'P, — (6p6p)*P» 1705.57 0 58631 58635 


with a two-metre concave grating on a Rowland mounting in air. The 
wave-lengths, however, are reduced to values in vacuo. 
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Some of the corresponding combinations of singlet terms and of inter- 
combinations between singlet and triplet terms of Pb III have been found 
by the writer. A more comprehensive account of the spectra of mercury- 
like atoms will be given at a later date. 

In conclusion, the writer wishes to thank Dr. R. J. Lang for the use of 
his list of wave-lengths and to acknowledge a grant from the National 
Research Council of Canada. 

[Professor H. N. Russell has kindly suggested that an estimate of the 
ionization potential of T1+ derived from the difference between the 
(6s6s)'So and (6s7s)'So terms might be added. On the assumption that 
these terms follow a simple Rydberg series the lowest ‘So term is found 
to have the value 173350, corresponding to an ionization potential of 21.4 
volts. In the case of Hg I a similar calculation gives for the lowest 'So 
term a value, which is five per cent higher than that obtained from the 
sharp series of singlets. If a similar error exists for T1 II the ionization 
potential would be 20.3 volts. This value is rather higher than the estimate 
of 19.8 volts, which has been made by the writer on the basis of the general 
progression of term values for mercury-like atoms. ‘The ionization po- 
tential of Pb++, it might be added, is approximately 31.3 volts, if it is 
assumed that the term value of (6s6f)*F4 of Pb III is 63500. ] 


1 Fowler, A., Series in Line Spectra, p. 148. 

2 Smith, S., Proc. Nat. Acad. Sci. 14, 878, 1928. 

3 Carroll, J. A., Phil. Trans. Roy. Soc., A225, 357, 1925. 

4Rao, K. R., and Narayan, A. L., Proc. Roy. Soc., A119, 607, 1928. 


THE INFLUENCE OF THE PRESENCE OF HYDROGEN ON THE 
Ii X-RAY ABSORPTION EDGE OF PALLADIUM 


By J. D. HANAWALT 
DEPARTMENT OF Puysics, UNIVERSITY OF WISCONSIN 


Communicated November 5, 1928 


It is well known that under suitable conditions palladium will absorb 
many times its own volume of hydrogen; and the nature of the combina- 
tion of palladium and hydrogen has been the subject of many investigations. 
By studying pressure-concentration equilibria of the Pd-H system, it is 
found that there is an outstanding phase corresponding to a concentration 
in the neighborhood of 0.5 atom of hydrogen per atom of palladium, 
suggesting the existence of a compound with the formula Pd.H,"? but 
the various x-ray investigations of the distension of the palladium lattice 
due to the absorbed hydrogen are not in complete accord with each 
other.*“5 More work dealing with this matter has been done in this 
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laboratory, and will be reported soon, but the main result is that there 
exists an outstanding distension (a) = 4.017 A) of the palladium lattice 
due to the absorbed hydrogen which is independent of the method used 
to occlude the hydrogen. Under the same conditions which give the 
above-mentioned composition, Pd,H, we obtain the value a) = 4.017, 
which, therefore, corresponds to the concentration represented by the 
formula Pd:H. If these hydrogen atoms are intimately combined with 
the palladium atoms, it might be expected that the energy values of the 
palladium atom would be affected, and we have, therefore, studied the 
Iu absorption edge to see whether changes due to the absorbed hydrogen 
could be detected. 

A Siegbahn vacuum spectrograph was used for this work, and the 
K, and Kz (1932.30 and 1936.51) lines of iron reflected in the second order 
from calcite were used as reference lines from which to determine the wave- 
length of the edges. The dispersion at this position was 20.11 X.U. per 
mim., the crystal-plate distance being 124.4mm. ‘The edges were measured 
on a comparator reading to 0.001 mm. Each plate was measured at from 
three to eight different points along the edge, and ten readings were taken 
at each point. It was necessary to roll all of the specimens used to a 
thickness of 0.001 mm. in order to secure very distinct edges and to bring 
out their character. With absorbing screens of this thickness, the most 
dense part of the absorption was confined to a very narrow. band, thus 
giving the appearance of a white line adjacent to the main edge. (See 
Fig. 1.) Exposures were of the order of 100 milliampere hours. 

Hydrogen was occluded in the palladium specimens in two ways. In 
one method the specimen was made the cathode in dilute H,SO,, platinum 
being used as the anode. Immediately after electrolysis, the lattice 
parameter might be greater than a) = 4.017, but in the course of ten days 
or less it would shrink to the value 4.017 and a four-hour x-ray absorption 
picture would then be taken. Hydrogen was also absorbed from the gas 
phase. The 4.017 phase obtained in this manner was less stable than the 
4.017 phase obtained by electrolysis, completely dissociating in as short 
a time as eight hours at 20°C. in air, so that it seemed safer to take the 
absorption pictures while the specimen was in an atmosphere of hydrogen. 
(This difference in stability has been studied and is to be associated with 
a difference in the mechanical state of the micro-crystals in the two cases.) 
It was therefore necessary to put the specimen in a small furnace mounted 
in place in the vacuum camera. The specimen was heated in vacuo at 
200°C. for two hours. Then hydrogen was admitted at one atmosphere 
pressure and the temperature: dropped from 200 to 80°C. in five hours; 
the temperature was then quickly dropped to 20°C. and a four-hour ex- 
posure taken. : 

The results of these experiments are shown in table 1. It is seen that 
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FIGURE 2 
Diagrammatic representation of Lin absorption edge of Pd.H. 
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FIGURE 4 


Microphotogram of the Lin absorption edge of Pd. Microphotogram of the Lin absorption edge of Pd:H. 
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the wave-length of the main Li absorption edge (/, in the table) is shifted 
in the 4.017 phase by 0.87 X.U. (0.6 volt) toward short wave-lengths, 
and that there is also a second absorption edge, 2, which is 10 X.U. 
(8 volts) less in wave-length than the pure Pdedge. ‘The second edge, h, 
was not dense enough to be measured on the comparator, and the accuracy 
of these measurements corresponds to about 0.6 volt. This edge, how- 
ever, is much sharper than is indicated by the microphotogram, figure 4, 
which enlarges the original plate by 30 times. No difference could be 
seen between the absorption edges of the electrolytically filled specimens 
and of the specimens prepared in the hydrogen furnace. 

It is well known that x-ray absorption limits of elements are changed 
by the valency or state of chemical combination of the element, and that 
in chemical compounds, in addition to the principal edge, there may also 
be secondary edges or “‘fine structure.’’ On this basis the results of the 
x-ray absorption work on the Pd-H system indicate that the hydrogen is 
in chemical combination with the palladium. ‘There seem to be at least 
two possible interpretations of the complex absorption edge exhibited 
by Pd:H. Since there are twice as many Pd atoms as H atoms present, 
the complex edge might correspond to a Pd atom which shares an H atom 
with one other Pd atom, or it might correspond to the superposition of 
two simple edges, one, /,, due to Pd atoms alone, and the other, , due 
to Pd atoms with which are combined H atoms. ‘The relative intensities 
of the edges are such as to agree with this second hypothesis. An ob- 
jection to the first hypothesis is that it is unusual to find fine structure 
caused by chemical combination, and yet the main absorption edge re- 
maining almost unchanged-in wave-length, as it does in this case. Chem- 
ical combination usually causes a shift of the main edge toward shorter 
wave-lengths of from 5 to 12 X.U., or more, this shift being larger the 
greater the valence. To a lesser degree it is also affected by the kind of 
combining atom. 


TABLE 1 
Lin X-Ray ABSORPTION EDGES 
AM Adz 
SCREEN ao h le VOLTS votts Ik — k vouts 
Pd 3.885 3903 .90 4.4 
Pd.H 4.017 3903.03 3893.9 3.8 2.4 7.4 


On the second hypothesis, the , edge is the main absorption edge of a 
Pd atom with which is combined an H atom; it has been shifted from 
the position of the pure Pd edge by 10 X.U. toward shorter wave-lengths. 
The 1, edge is then due to the remaining Pd atoms in the lattice which 
are not in intimate association with H atoms. The slight shift of this 
edge (0.87 X.U.) from the pure Pd edge might be due to the greater 
isolation of the atoms because of the expanded lattice. The available 
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data on the influence of chemical combination on the position of x-ray 
absorption edges of elements shows that there is a shift to shorter wave- 
lengths whether the element is electronegative and acquires electrons 
or whether the element is electropositive and loses electrons in chemical 
combinations, so that it would be difficult to say whether the palladium 
atom acquires or loses an electron in the PdH molecule. The recent 
results of Coehn® showing that at least some of the hydrogen is in the ionic 
state may be of importance in this connection. Further speculation as 
to the interpretation of the complex absorption edge will probably have 
to be delayed until there is data on the absorption edges of better known 
compounds of palladium. 

The crystal lattice of Pd,H would, on the basis of the second hypothesis, 
be a face-centered cubic lattice in which alternate grating points are PdH 
molecules, the remaining points being occupied by Pd atoms. This point 
of view makes more reasonable the observed fact that much higher con- 
centrations than 0.5 (PdeH) are easily obtained since these higher con- 
centrations would then simply correspond to more of the grating points 
being occupied by PdH molecules than by Pd atoms. Whereas, if the 
hydrogen atoms in Pd,:H were shared between two palladium atoms, 
then for concentrations higher than 0.5 the excess hydrogen atoms would 
have to be associated in some different manner. 

That the Pd-H system is composed of the units Pd and PdH has been 
suggested by Linde and Borelius on the basis of experiments on the be- 
havior of the electrical resistance. Oxley’ has also suggested on the basis 
of susceptibility measurements that the hydrogen is in intimate association 
with the palladium. ‘The study of the Pd-H system in this laboratory 
has been extended in other directions and the results will be reported soon. 

In conclusion the writer wishes to express his appreciation to Dr. C. E. 
Mendenhall for his many valuable suggestions, to Dr. G. D. Van Dyke 
for the use of the Siegbahn vacuum spectrograph, and to Dr. J. T. Tate 
of the University of Minnesota for his kindness in making the micro- 
photograms. 

1 Lambert and Gates, Proc. Roy. Soc., 108, 456, 1925. 

2 Gillespie and Hall, J. Amer. Chem. Soc., 48, 1207, 1926. 

3-Yamada, Phil. Mag., 45, 241, 1923. 

4 McKeehan, Phys. Rev., 21, 334, 1923. 

5 Linde and Borelius, Ann. Phys., 84, 747, 1927. 

6 A, Coehn, Naturwissenschaften., 11, 183, 1928. 

7A. E. Oxley, Proc., Roy. Soc. 101A, 264, 1922. 
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STUDIES OF THE GALACTIC CENTER. III. THE ABSOLUTE 
MAGNITUDES OF LONG PERIOD VARIABLES 


By HARLOW SHAPLEY 
HARVARD OBSERVATORY, CAMBRIDGE, MASSACHUSETTS 


Communicated November 15, 1928 


1. That the long period variable stars of spectral class Me are giants 
at maximum and of intermediate luminosity at minimum has been recog- 
nized for many years. That they are closely allied to Cepheid variables 
in most of their physical properties and therefore that pulsations may be 
the cause of their variations in light is now also becoming apparent from 
studies of their spectra, heat indices, and light variations.'_ These variable 
stars are, however, still something of an enigma. They are widely spread 
over the sky, they are in the very “earliest’’ stage of stellar evolution, 
they have exceedingly low density, and apparently the lowest effective 
temperatures known. 

Among the most uncertain though significant properties of long period 
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variables are the mean absolute magnitude at maximum, the dispersion 
about that mean, and the dependence of absolute luminosity on period and 
range. Some light can now be thrown on these questions through studies 
of variable stars in the region of the galactic center. At the same time 
we can take a definite step forward in the calibration of the long period 
variable as a tool for the measurement of space. Some years ago I first 
used such stars for the preliminary determination of the distance of a 
galactic star cloud,? but too little was then known of the mean absolute 
magnitude and its dispersion to inspire faith in the accuracy of such esti- 
mates. 

2. It has been possible to learn much of the comparative absolute 
brightness of Cepheids and cluster type variables from their frequent 
occurrence in restricted regions of space where differences of absolute 
magnitudes are safely inferred from the measured differences of apparent 
magnitudes. The globular clusters and Magellanic Clouds have yielded 
very few variable stars of the long period class, and those few, except in 
the southern cluster 47 Tucanae, are probably superposed variables, 
unrelated to the stellar system where they appear through projection. 
In 47 Tucanae, however, three variables with periods of two hundred days 
have been found and measured by Miss Woods and the writer.* The 
amplitudes are approximately three magnitudes, and the maxima are all 
equal at photographic magnitude 11.0; the variables are therefore brighter 
than any other stars in the cluster. The absolute magnitude cannot well 
be fainter than — 2.0, since the cluster’s parallax, though not yet accurately 
known, is almost certainly less than 0”.00025. 

The high luminosity for long period variables indicated by the cluster 
is definitely supported qualitatively by the motions of the brighter galactic 
members of the class, but the data are insufficient as yet to give precise 
quantitative results. The discussions by R. E. Wilson and Merrill and 
Stromberg yield a mean absolute magnitude (visual) in the vicinity of 
0.0, and Oort has obtained a value about two magnitudes brighter. Fac- 
tors of selection of data and methods of treatment readily account for 
these differences. The question has been treated anew by Professor 
Gerasimovit, whose discussion, which appears in the following paper, 
contains full bibliographic references. 

3. ‘Tue cluster type variables in Milky Way Field 185, discussed in 
the preceding paper of this series on the galactic center, provide a key to 
the absolute magnitude of every type of object that can be shown to have 
members in the star cloud in Scorpio-Ophiuchus. These variables indicate 
that apparent magnitude 15.8 corresponds to zero absolute magnitude. 
It is of immediate significance that among the 450 variable stars in the 
field about one-third are of the long period class, and practically all of 
them are brighter than the cluster type variables around the galactic 
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center. The majority of the long period variables are grouped about 
apparent photographic magnitude 14.8 at maximum, with a corresponding 
mean absolute magnitude —1.0. The color indices are probably not less 
than +1.5 on the average, and therefore the mean absolute visual magni- 
tude is not fainter than ; 


M,, —C. I. = 00-10-15 = —25 


at maximum. ‘This result supports Oort’s value based on the motions of 
long period variables, and also the value derived by Gerasimovié for stars 
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FIGURE 1 long period variable stars in MWF 185. 

Frequency of periods for the long Circles and broken lines refer to all the 
period variable stars in MWF 185. variables that are presumably of long 
Ordinates are numbers of stars; abscissae period, dots and unbroken lines to those 
are periods. The stars are grouped in for which periods are known. Ordinates 
intervals of fifty days. are numbers of stars; abscissae are photo- 
graphic apparent magnitudes. ‘The stars 

are grouped in half magnitude intervals. 


















































with periods between 100 and 250 days; but I believe it is of much higher 
weight than the results based on proper motions, or the provisional but 
similar results from the cluster 47 Tucanae. It shows that the long period 
variable is a high luminosity star, probably as bright visually as the average 
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classical Cepheid, and therefore useful in investigations of remote parts 
of space. 

The observed magnitudes of cluster variables relative to long period 
variables in MWF 185 might possibly be interpreted in two other ways: 
(1) the two types may indicate two different star clouds widely separated 
in the line of sight, so that a comparison of their absolute magnitudes 
is not possible; (2) the visual absolute magnitudes of the long period 
variables in this star cloud may be near to zero, as found by Strémberg 
and Merrill for brighter variables, so that the cluster type Cepheids are 
low luminosity Class A stars of absolute magnitude 0 + 1.5 + 1.0 = 
+2.5, or fainter. Neither of these hypotheses appears reasonable. 

An unexpected separation of the long period variables of MWF 185 
into two classes with respect to length of period is indicated in figure 1 
and in the tabulation below, where the ordinates are intervals of apparent 
magnitude, the abscissae intervals of period, and the tabulated quantities, 
numbers of variable stars. The infrequency of periods in the interval 
from 250 to 300 days is to be noted. This distribution of periods is dis- 
tinctly different from that for stars of long period in the sky at large.‘ 


DISTRIBUTION OF LONG PERIOD VARIABLES IN MWF 185 


PHOTOGRAPHIC - PERIOD IN DAYS 
MAXIMUM 100- 150- 200- 250- 300—- 350- PERIOD 
MAGNITUDE <100 150 200 250 300 350 400 >400 UNKNOWN TOTAL 


11.5-11.9 1 

12.0-12.4 

12.5-12.9 1 

13.0-13.4 

13.5-13.9 4 

14.0-14.4 ‘ 

14.5-14.9 : 3 

15.0-15.4 

15.5-15.9 2 

[16.0 1 1 
Total 3 10 10 10 5 11 13 5 34 101 








The distribution in apparent magnitude is shown in figure 2 for all 
the long period variables for which Miss Swope has made measures, and 
separately for all those for which definite periods have been determined. 
The distribution is probably disturbed by the necessary scarcity of data 
for the fainter magnitudes. Although the working limit of the plates 
used in these investigations is about 16”.5, it is likely that only a small pro- 
portion of the long period variables which do not rise above 15.5 at maximum 
will be discovered, since for much of the period they would be near to or 
below the magnitude limit. As it stands, however, the distribution appears 
to be so closely normal that the mean value 14.8 with a dispersion of 1.0 
may be provisionally adopted as indicating the luminosity of long period 
variable stars in the galactic nucleus. That a definite localization occurs 
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in apparent magnitude is another indication of the existence of a definite 
galactic nucleus—obviously the same nucleus as that shown by the cluster 
type Cepheids, and around which the globular clusters are distributed. 
Further discussion of the tabulated material awaits the large increase in 
the data that can soon be provided from the study of the new faint vari- 
ables in other fields in the region of the galactic center. 

There is no indication of progression of the mean apparent photographic 
magnitude with period, such as is found (loc. cit.) by Gerasimovié from 
the proper motions of the brighter long period variables. It may be 
(1) that the proper motions are still too inaccurate to differentiate the 
absolute luminosities for stars of longer and shorter period; or it may 
be (2) that the insufficiently known color indices have considerable differ- 
ences depending on the period, so that photographic absolute magnitudes 
might be the same for all periods as here indicated, while the visual absolute 
magnitudes show a relation to period, as indicated by the proper motion 
data; or (3) there may be two groups of the stars with periods greater 
than 340 days, one with the absolute magnitude here derived, and another 
three magnitudes fainter in absolute brightness, and therefore below the 
limit of the Harvard photographs of the galactic center. Only further 
observation of proper motions and colors, and of faint stars near the galactic 
center, can definitely decide among these explanations of the apparent 
discrepancies. 

Observations are now in progress on adjoining Milky Way fields which 
will eventually show whether the bi-modal distribution of the periods is 
a temporary trick of the available data, or a new characteristic displayed 
by variables in a galactic star cloud. We have also begun the systematic 
observation of the colors of long period variables at maxima to test the 
second of the above suggestions. 

In conclusion, it appears that the moderate dispersion in apparent 
magnitude of long period variables near the center of the galaxy proves 
that these stars, now numerously found in star clouds, will be extremely 
serviceable in the measurement of galactic dimensions. 

1 Harv. Obs. Bull. 861, 1928. 

2 Harv. Obs. Bull. 804, 1924. 


3 Harv. Obs. Bull. 783, 1923. 
4 Miss Cannon and Campbell, Harv. Obs. Bull. 862, 1928. 
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THE ABSOLUTE MAGNITUDES OF LONG PERIOD VARIABLE 
STARS 


By B. P. Grerasimmovié 


HARVARD OBSERVATORY, CAMBRIDGE, MASSACHUSETTS 
Communicated November 15, 1928 


The problem of the intrinsic luminosities of the long period variables 
was regarded a few years ago as a question of secondary importance 
compared with the corresponding problem for the Cepheids, and of interest 
only from the astrophysical point of view; rare in globular clusters, the 
long period variables had not been used as indicators of distance. ‘This 
attitude can no longer be defended. It has been rather unexpectedly 
shown that a large percentage of the faint variables in galactic clouds 
belong to the long period group! or are of the eclipsing type.? The long 
period variables seem to be much more numerous than classical Cepheids, 
and perhaps even than cluster type variables, but their large ranges make 
the chance of discovery greater than for Cepheids of the same apparent 
magnitude, so that the preponderance may be an effect of selection. The 
very important réle that will undoubtedly be played by long period vari- 
ables in the determination of the distances of isolated galactic clouds* 
makes the question of their luminosities a matter of the first importance. 

The absolute magnitude of the variables with spectra of Class Me 
has been determined by Merrill and Strémberg* from the analysis of 
numerous data on radial velocity, and the proper motions derived some 
years ago by Wilson.’ They found +0”.1 as the mean value of the absolute 
magnitude at maximum for all subdivisions of Class Me, the luminosity 
decreasing from —0”.6 at M2e to +0”.6 at M8e. In his work on galactic 
rotation, Oort® used the same material, rejecting all proper motions with 
probable errors greater than 0”.010, but using somewhat antiquated photo- 
metric data; he derived a mean absolute magnitude at maximum —2”.0 
for stars of Class Me. In view of the fact that Oort’s results differ from 
those of Merrill and Strémberg, it is no exaggeration to say that we have 
not at present any definite information on the luminosities of long period 
variables that could be applied to the determination of stellar distances. 

During the last four years the study of long period variables has pro- 
gressed greatly. We can place them with increased confidence in the 
evolutionary sequence,’ we know more of their relationship to other types 
of variables,* and we have some good information as to the physical 
condition of their atmospheres.? The new Harvard Catalogue of Long 
Period Variables’® contains numerous fairly accurate data on the mean 
magnitudes at maximum of all the 1760 variables listed, and on the spectra 
and periods of a large number of them. Furthermore, new or improved 
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proper motions of several long period variables have been published since 
1924, and the radial velocities of many southern variables have also been 
derived."* A rediscussion of the luminosities of long period variables 
therefore seems to be desirable and not unpromising. 

The spectra of long period variables are heavily banded, and full of 
strong metallic lines, and the continuous background is much more cut up 
and more difficult to trace, than that of a Cepheid variable. If a period- 
luminosity relation is valid for Me variables, it may not, therefore, be of 
the same theoretical value as Shapley’s law for the Cepheids, but it will 
nevertheless be of great practical importance. The long period variables 
have therefore been arranged in groups selected according to period, for 
the determination of mean absolute magnitude. As there are not yet 
enough reliable data for the proper motions of Se variables, only Me 
stars are discussed in this paper. Periods of 250 and 340 days are good 
boundary lines for the long period type of variable—the former corresponds 
to the ascent of the frequency curve, and the latter to its descent. The 
Me variables were therefore divided into three groups, with period intervals 
of 90-250 days, 251-340 days, and greater than 340 days. 

Parallactic and Peculiar Tangential Motion.—The proper motions of 
a number of long period variables, as derived from various stellar cata- 
logues, were published in 1923 by Wilson.® In my investigation I have 
used the 76 stars for which the probable error is less than 0”.015 in both 
coérdinates. The recent data were taken from the following lists and 
catalogues: | Harvard photographic observations,'? Prager,'* Hins,' 
Gyllenberg,'® Yale, and Copenhagen,'’ which have yielded 26 proper 
motions not included in Wilson’s revised list. Moreover, twenty entries 
in his list have been replaced by new data, consisting of weighted means 
between the proper motions published by Wilson and those newly derived 
from the catalogues. Thus our material does not represent a simple 
rearrangement of the data already discussed by other investigators, but 
must be considered to be new. 

All the proper motions have been reduced to the Boss system, and the 
motions in declination have been corrected according to Raymond’s 
table; the small corrections depending on the uncertainty of the preces- 
sional constant were applied according to the formula in the preface of 
the Boss catalogue. All the proper motions were reduced to apparent 
magnitude 7.5, which was chosen as the median magnitude, using the 
data ou magnitude at maximum given in the Harvard Catalogue. Merrill 
and Strémberg have already shown that the apex derived from the radial 
velocities of Me stars coincides with that for the brighter stars. We 
therefore adopt Campbell’s new value A = 271°, D = +28° for the 
coérdinates of the solar apex. The equations for secular parallax (r,) 
were solved in the usual manner, and values deduced for Ir], the mean 
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peculiar component, corrected for the known mean probable error of the 
proper motion. The results are tabulated below. Calculated errors 
are mean errors. 


Group STARS Ts Trl 

I 36 0”.0139 + 0”.0049 0”.0161 + 0.0029 
II 37 0.0172 64 0.0163 22 
III 29 0.0236 67 0.0120 32 


Solar Motion and Peculiar Radial Velocity—The radial velocities for 
absorption lines determined at Mount Wilson and Ann Arbor,'* and the 
Santiago data" have been used for this section of the discussion. It 
is well known that long period variables have a noticeable group motion, '® 
which does not affect the solar apex, but which forces us to calculate 
the solar velocity separately for each of our three groups of Me stars. 
Curiously enough, the high velocities (V > 80 km. sec.) which are so 
characteristic of Me variables do not occur in Group III at all; there are 
four high velocity stars in Group II and ten in Group I. ‘These stars 
have not been rejected, because for the statistical groups under con- 
sideration they are in no way exceptional. A solution for the solar velocity 
V, and the mean peculiar velocity @ gives the following results (tabulated 
errors are mean errors). 


Group STARS Vo 

I 42 .2 = 20. 
II 54 6 += 9, 
III 36 0 = 7. 


For the K term we obtain the values (I) + 21 + 14, (II) —1.7 + 4.7, 
(III) +3.5 + 4.2. In the second and third groups the K term is quite 
illusory, and its very high value in the first group is the result of the pre- 
ponderance of positive velocities among the very few high velocity stars— 
notably S Libre, an apparently abnormal star with a velocity of +279 
km./sec. in a direction opposite to that of the group motion. If this star 
is rejected, Vo is very slightly increased, and K = +14 + 11. In the 
final calculations S Libre was retained, but the K term was omitted for 
all groups. 

Merrill and Strémberg found that for Me stars the solar velocity and 
the mean peculiar velocity increase as the spectral class decreases from 
M8e to Mle; their limiting values for V> and 6 are 26 to 72 km./sec., 
and 23 to 40 km./sec., respectively. ‘There is a strong positive correlation 
between period and spectrum for Me variables;?® our result is therefore 
in harmony with that of the previous investigators, but actually it shows 
more—when the stars are grouped according to period, then changes in 
V) and @ are much more, pronounced than they are if spectral subtype 
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is chosen as the correlation variable. The probable dependence of velocity 
of long period variables upon period was first pointed out by Heiskanen 
and Ludendorff,?* and later confirmed by Merrill,?? who found that very 
high velocities are largely confined to stars of short period. 

The réle of the period in the kinematical properties of the variables is 
astonishingly pronounced. It is difficult to doubt that the light variation 
of the cluster variables, the classical Cepheids, and the long period vari- 
ables represents different forms of the same physical phenomenon. But 
the solar speed and the residual velocity, which have large values for the 
cluster variables, and decrease notably for the classical Cepheids, increase 
again in the first group of long period variables, and decrease for the 
longest periods. Radial velocities for the intermediate RV Tauri stars 
and kindred variables are very scanty, but they appear to be larger than 
those of classical Cepheids, linking the latter with the long period variables. 

Parallaxes and Absolute Visual Magnitudes.—By combining the results 
already obtained we may derive the annual parallaxes of the three groups 
of variables, reduced to apparent visual magnitude 7.5 at mean maximum. 
The parallaxes calculated from the v and 7 components were weighted 
according to Russell’s formula.”* 


Group ™par Tpec © M 
I 0”.0008 + 0”.0002 0”.0014 + 0”.0003 0”.0011 —2.3 
II 0.0014 5 0.0028 5 0.0019 ae 

0.3 


III 0.0062 27 0.0027 8 0.0037 + 


‘The mean computed errors of M for each group are +0.5; it seems scarcely 
necessary to add that the real errors must be higher than the computed 
ones, the disturbing causes being the uneven distribution of the limited 
number of stars used in the solution, and—even more important—the rather 
large eccentricity of the velocity ellipsoid.* 

Our calculations put the long period variables among the most luminous 
objects in the sky, like the F supergiants and the early B stars. One 
important point must be considered. The large percentage of high velocity 
stars among the variables of our first group suggests the suspicion that 
we are dealing with a mixture of two different groups, of slowly and 
rapidly moving stars. If by chance high velocity stars are lacking among 
the variables whose proper motions are used for the derivation of the 
secular parallaxes and the mean value of irl, we shall certainly obtain, 
for high values of V> and 6, angular motions that are too small, and there- 
fore erroneously high luminosities. The radial velocity data are un- 
fortunately scanty, but they do not show a bimodal distribution. On 
the other hand proper motion.data for seven of the ten high velocity stars 
in the first group were used for the derivation of the angular motions. 

Proper motion data for long period variables are still too scanty, and 
therefore the absolute magnitudes derived above cannot pretend to the 
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accuracy that could be desired; but they are hardly less accurate than 
the absolute magnitudes adopted for other objects that are not statistic- 
ally numerous. The determination of photographic proper motions for 
long period variables appears to be one of the most important and urgent 
problems of the day. 

Trigonometric Parallaxes.—Absolute trigonometric parallaxes have 
been determined at Mount Wilson for eleven Me variables.*® Of these 
o Ceti should be excluded because the images of the central star are prob- 
ably affected by those of the white dwarf companion. Mitchell’s parallax 
of 0”.015 is preferable for this star, because the McCormick plates were 
so taken as to exclude the effect of the companion on the photographic 
images of Mira.* Calculating the mean absolute magnitude from these 
parallaxes by the formula‘ 


M = 5 +5 (log 2 — log 210~°™”) 


we obtain M = —0.5. Of these eleven stars, one is in our first group, 
five in the second, and five in the third. If the mean statistical 7 is 
weighted in these proportions, we obtain M = —0.6 as the calculated 
value for the eleven variables, in full concordance with the direct deter- 
mination. 

Period-luminosity Relation for Long Period Variables—We have found 
that the mean absolute magnitude changes by 2”.6 (or very probably 
rather less) as the period increases from between 100 and 200 days to 
over 400 days. ‘This constitutes a ‘“‘period-luminosity relation’ for long 
period variables, relating period and mean visual magnitude at maximum. 
As we pass along the series of Me stars the visual and photographic magni- 
tudes are affected by the changing band absorption in an unknown and 
probably very peculiar way, and thus the relation found above cannot 
represent without modification Shapley’s period luminosity law as ex- 
tended for longer periods. We infer from the period spectrum relation?’ 
that the increase in period is accompanied by a decrease in effective tem- 
perature, but the change of 2”.6 calculated in the present paper is more 
probably connected with redistribution of visual and photographic light 
by band and line absorption than by differences in temperature radiation 
at different spectral classes. For example, the spectrum of Mira Ceti 
changes from M5e at maximum to M9e at minimum. It was estimated 
by Joy that the increase in strength of the titanium oxide bands of Mira 
contributes at least two magnitudes to the light range of the star,?* which 
is almost equal to the difference of absolute magnitude between variables 
of different groups. 

All our computations relate to visual magnitudes, and without knowing 
the color indices we cannot apply them to the photographic data. Our 
information as to the color indices of long period variables is unfortunately 
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quite inadequate. It may be that, owing to redistribution and strengthen- 
ing of the bands, the color decreases from variables of the first group to 
those of the third, in which case the photographic period-luminosity 
relation will not be so steep as the visual one. There are some indica- 
tions*® that the more advanced Me stars are not so red as the M stars of 
earlier class. 

Summary.—From all available proper motion and radial velocity data 
the following mean absolute visual magnitudes were derived for long 
period variables at mean maximum: period 100 to 250 days, M = —2.3; 
period 250 to 340 days, M = —1.1, period greater than 340 days, M = 
+0.3. This constitutes a ‘‘period-luminosity relation” for long period 
variables, which is not necessarily a direct continuation of Shapley’s law 
for Cepheids, because the changes in absolute visual magnitude for long 
period variables are probably chiefly the result of redistribution of light 
by the absorption bands. 
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